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• 1. Draw a line AB = 8 cms- 

and bisect it at / 0 \ ^ 

DO perp. to AB j i . making DO=3 

V b / ® 

cms. Join OA and OB. 

Now, the A' OAD and OBD are identically 
equal { Theor. 4 ) OAsOB, 

With centre O and radius OA or OB draw 

the circle ABC. Then ABC is the required 
circle. 

it is required to find the length of OB and to 

verify it by measurement. 

From Theor. 29 we have, 

OB =\/^ UB+OiJ^ = = V25 = 5 cms, 

long. 

2. Take any point O, and with 

O as centre and c/^ \ radius=13", des- 
cribe a circle ABC., I ^ \ From 0 draw 

,a;St. , line OD=5". \ - j\j^Through D 
draw a st. line ^‘ADBperp.toOD. 
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Solutions Grometry. 


meeting the circumference at A and B » Then 
AB is the required chord. Join AB. 

Then from Theor, 29, DB = VoB — 
fi VU4=12«'. 

Now, aB= 2 DB (Converse Theor. 31)s2xl2 
Gr 24*’. 


3. Take any 
Oas centre and 
cribe a circle AB 
two points A and 
ference. With A 



point O and with 
radius s 1" deS" 
DC. Take any 
Con thecircum- 
and C as centres 


and radiisl • 6" and 1*2" respectively draw arcs 
cutting the circle at B and D. Join AB and CD. 
Then AB and CD are the required chords. From 
O draw OE perp. to AB, and OF perpo to CD. 
Join OA and OC. 

Then from Theor. 29, we have OEsVoTssJRf 
an ^r^8* = and OF a -^OCi^CP 

(s *8", 

Measure OE and OF and it will be found 
that OE — *6”, and OF a *8^^. 

4. Take any pt. O, and with O 

as centre and radius e 4 cms. 

draw a circle / q. \ ABC. Take any' 
point Aon the cir- I px. ) cu inference. With 
A as centre' ' andftV- — radius « 6 cms- 
dtaw 'an 'arc cut- ting the circle at 



Part hi. 


5 


B. Join AB. Then AB is ths required chord. 
From O draw OD perp> to AB. Join A B« 

From Theor. 29. we have OU = v^OB — uB?- 

e x/'iZ - “ 3:= \/T= 2*6 cm?, approx. 

Measure OD and it will be found to be 2*6 
cms. neatly. 

. 5. With any ^ pt. O as centre 

and radius = 3*7 ^ \ cms. draw a circle 

ABC. With any / 0 \ pt. A on the cir- 
cumference as I [\ / centre and radius 

ss 7 cms. draw an arc cntting^ 

the circle at B. " " foin AB. 'Then 

AB is the required chord. From O draw .OD. 
perp. to AB. 

, From, Thecr. 29, we have ODs u tja 

=v^ 3-72~3'62 a . 71 ^ ® ^*2 cms. 

Measure OD and it w ill be found to be 1*2 


cms. 


.*. The true length of OD=12 " or 1 ft. 


6. With any 
and radius = 1-3" 
A ‘SC. With ary 
cumference and 
draw an arc c’lt- 
B. Join AB.Thfn 


N 



pt. O as centre 
describe a circle 
A on thecir- 


/ \ pt. A on thecir- 

[ ;j''’ radius s 2*4®' 

-i ting the circle at 


AB is the chord. 


Join OA, OB, It is required to find the area of 
the A AOB in sq. in. 

.. From O draw OD perp. to AB, 

From The or. 29, vre . Jbave ,ODa,^6Ba ~T)b" 
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AVea; of the A AOB = ^ AB xOD* 

'=s^ X 2r,4 X*5!=:6'sq, in. Q. E; D. 

7. Let P and Q be two pt. 3^ 

apart. Join PQ and bisect it at 

R. At R draw / 0 \ ROperp.toPQ- 

With P as cen- I tre and radiiiss= 

1-7" draw an r arc cutting RO 

at O. Join OP ^ ^ and OQ. With' 
centre 0 and i radius=1.7"draw 

I \ 

a circle. This circle will pass through the points 
' P and Q-j because, the A* OPR and OQR teing 
identically equal (Theor. 4), OPs=OQ. 

From Theor. 29, we have 

OR = *8". 

Measure OR and it will be found to be •8*’, 
Page 147. 

1. Let ABE H and CDF be two 

concentric cir- cles with O as 

their common f / o!^ \ centre.Let ACDB 
be a St. ’ line 1 cutting the two 

circles at A,B,C, Band Di 

It is required’ to prove that the intercepts AC 
and DB are equal. Frdm ’O draw OG perp. ' to 
AB. . 

Proof .-Then AGifcGB and'CG=:GD (Thebr, 31) 
. . AG— CGd:GB— GD or ACiDB. 

Ei'D: 
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2. JLet two cir- des .whose cen- 

ires are at A and ^ B intersect at 
C and D . Join CD ( ‘ and ‘ bisect it at 

U. Joia AM and 

It is required to .prove -that AM and BM are 
in the same st. line. 

Proof. — Because the st. line AM drawn from 
the centre A bisects the chord CD. 

the Z AMD is art. LcTheor.31). i^imilarly. 
the Z BMD is a rt.l_(.Theor. 31; . 

Z'’ AMD and BMD together=2 rt. L_*, 

AM and BM are in the same st. line 
(Theor. 21). 

Bence it is required io prove that the line 
of centres bisects the comjuoii j^icrd ct rt, aitplejs. 
" Because AB (which is the line of centres) is 
perp* to CD and passes through M the rricdle 
point of CD (p! oved above), it bisect#: the com- 
mon chord CD at right angles, 

3. Let ABj AC beany two equal 

chords of a circle c- .. ABC whose cen- 
tre is O. It is re- \ \J^/ \ qnred to show 
that the st. line /^J which bisects the 

Z BAC passes through the cen- 

tre 0« 

From O draw OD ^erp, to AB and OE perp. 
to AC- Join AO- 
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Proof.— Since OD, OE are perps* Co ABy 

I ' 

AC respectively. 

.‘.AB is bisected at D and AC at Eo (Thecr. 

31, Converse). But AB=AC 'given). 

.'.Their halves AD and AE are also equal. 

Now, in the A" ODA, OEA, 

{ DA s=EA ^'proved). 

AO is common to hoth,ar d 
the Z ODA= the Z OEA being rt. Z 
o*. two A® are equal in all respects ( Theor. 
18); so ihit the Z DAOsthe ZOAE. lienee 
AO bisects the L BAC, the bisector cf the 
Z BAC passes through the centre O. 

Q. E. Do 

4. Let P and Q s be any two given 

points. It is re- | quired to find the 

locus of the c n- *. tres of all circles 

which pass ihrougl.®' oT ^ Q- Join 

PQ and bisect | it at O. Through 

O draw AOB ' y- pejp. tolQ. 

Proof. — Since AOB bisects PQ at right , 

AOB is the locus of all points equidistant 
from.P and Q tProb. 14), 

Now, the centre cf evtry circle passing 

through' P ■ and Q is a point equidistant from 
P and Q. 

1 he locus of the centres of all circles 
passing through the points P and Q is the st 

line .AOB which bisects 1*Q at light angles 

' Q.E. D. 
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. . ^ Let A 
two paints 
gtvea -St. line. 



and B be any 
and CD a- 


I 


It is required to describe a circle^ passing 
through the two points A and B and having its 
esnter on the &t. line CD. 

Constrattion Join A B and bisect it at E, 
At E draw EO perp. to AB meeting CD at 

Since EO bisects AB at rt. L.* at E. 

.% The centre of., the circle passing through A 
and lies on the st. line 0£ ({troved in 
Ex. 4). 

The centre also lies on the^given ft. line CD 
(Hypothesis). 

the pt. O, common to both.EO and CD, is 
the required centre. 

Now with centre O and radius OA or OB 
describe the required circle ABE. 

Q. E. D. 

This problem is impus&^ble when the given st, 
line CD dres not meet EO. /, e., is parallel to EO 
is perp. to the line AB and does not pass 
throagh the mid. pt. of AB. 
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6. Let A 
two given points 
St. line. 



and B be ^ any 
and EF a given 


It is required to describe a circle passing 
through the points A and B having a radius= 
EF. 

Construction. — Join AB and bisect it at D. 
At D draw Do perp. to AB, With centre B 
and rudiuss' EF draw an arc cutting DO at O. 

Since OD bisects AB at rt. Z". 

The Centre of the required circle passing 
through A and B lies on DO (proved in Ex. 4), 
and since OA is equal to the st. lino EF (by 
construction). 

O is the centre of the required circle. 

Now^ with centre O and radius OA describe 
the required circle ABC. 

Q.E. D. 

This problem is impossible when the given 
St. line EF 'is less .than- AD, e. e., -less tban 
half the st. line AB, for then the arc drawn, 
with B as centre would not cut DO and the 
Construction would fail. . 
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l.LetAB o =1*6" 


BC=: 3" be / 
at rt. L* to 



two St, 


' each other. 


.9 

and 

lines 


It is required to draw a circle passing through 
the points A,B and C, and to had the length of 
the radius of the circle and . to verify it by 
measuTenjent. 

* ^ » 

The locQS of centres of the circles passing 
through the points C and B is the st. line EO 
which bisects CE' at rt, L* at E, Similarly the 
Iccus of centres of the elides passing through 
the points B and A is the st. line DO bisecting 
BA rt. L" at D. 

.‘.the points O, common to both EO and 
DO is the centre of the reqnired' circle passing 
through Aj B and 0. 

Now with centre O and radius OB draw 

-a drde. It will pass through C and A also. 
Join OB, 

Hadius OB = _ ^Bu- ^ EtB® 

=<82+ 1-52= 

Measure OB and it will be- found to be 
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2. Draw a st, line AB». 

6 eras, and bi- f sect it at . D. 

At D driw f ^ } 1^0 perp. to 

AB, making \ fV j DO =3 ems, 

V=i^ 

With centre O and radius s OA or OB 
draw the circle ABC. join OB. 

Radius OB=:y/Ou-i^ijii 2 ^ 

4*2 cms. neatly.' 

Measure OB and it will be found to be 4*2 

cms. 

3. With any ^ pointO as centre 

and radius = 4 ^ cms, draw the cir- 
cle A B C, Take / 0 1 point B on 

the circ'^mfer- i k j ence. 

With centre B and mdin«f:=4 

cms. draw an arc — B cutting the cir- 
cle at A. Join, A B. Then AB is the required 
chord. Join OB, From O draw OD perp, to- 
AB. 

OD= v^ob2T^2_^-43_ 12s 3.5 eras, 

nearly. 

4. With any point O as centre and radius- 
*:2*5 cms.' describe the circle ABC. fake any 
pt: A on the circumference of the circle, With^ 
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centre A and rad- ^ ius= 4’8 cmso 

draw an arc cut- \ tlie ci«^ 

at B, Join AB. ) From O draw 

OEperp, to AB. 6 Then OE will 

bisect AB atE (converse Theor. 31). With cen- 
tre B and radius =2*6 cms. draw an arc cutting. 
OE Produced at P. 

With centre P and radius=2*6 cms. drawn 

circle. Then it will pass through ihe points 
A and B. Join AO and AP« 

It is required to find the distance* OP be- 
tween the centres of two circles ABC and ABB 
and varify the result by measuremert, 

OE 2•4«=^'•T9V7cInB. 

EP=v^A" P2— AE2=y/^2*62— 2*42= v/’l*02 = 
FO cm. 

-% OP=OE+EPs:l’7 cms. 

Measure O and it will be fehnd to be I *7 cm. 
A The true dictuuce between tl.e centres of 
'the c'.rcles=l*7". 

5. With Oias centre f.nd radius=C*5" draw 
the ciide ACDB. Take any pt. A on 

thecircuTuftrerce. With centre A 

and radius=l2'^ Ay^-— ^ draw an arc cot- 
ting the circle at :^:^Q | B. Jan AB. 

From O draw OE perp. to AB, 

o o 
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.From EA and EB cut off lengths each=:2*5". 
From these pts. draw perps. to AB cutting the 
circle at C and D. Join CD, Then CD is parallel 
to AB and is ' equal to 5". Produce EO to meet 
CD in G. Then OG is also perp. to CD (Theor. 
-14). Join OA and 00. From OG cut off ,.OF= 

. OE. Through F draw A' F B' parallel to AB. 
A'B'=AB. Join OA'. 

It is required to show that the distance be- 
tween CD and AB or A' B' is 8*5" or 3 ’5". 

OG =y/^OOT~CG2=:^6*52-'2*52=v/'36= 6". OE 

V EG (the distance bet. AB and CD)=:EO 
+OG=:6+2*5 or 8-5". 

AndFC (the distance between A' B' and CD)bs 
OG— OF=OG— OE= 6-2-5ii3-5". 

6. Draw a st. line AB=8 cnis. and bisect it 
at E. At E draw EF perp. to AB macing EF= 

1 cm. Through F ^ draw DEC paral- 
lel to AB inak- / \ ing, FC=3 cms... 

and Fp=3 cms. ( ] ThenCDdGcms. 

Join Ac and J bisect it at right 

angles by -a st. line meeting P'S 

produced at O. 9 ^ Then O is the 

centre of the circle. With centre G and radius 
O A draw the circle ACDB. 

Join OA and OC. Let OE=x cms. Then OFs= 
OE+-EF=:(x+l) cms. 
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Now:. OA2= OC® (being radii)^ dr OE2+ 
AE2=0F2+CF2 (Theor. 29), or x? +4^= (xi- 
1)2+3*, x= .3 cms. 

The radios Ok^s/ x2+42 =-v,6 ^4-42=5 cms. . 
Meastire OA and it will be foond to be 5 cms. 


'7. Plot the pts. 

are (65 5) and (6,- 

cutting 5^' as D. 
DB are' each= 5. 

C on the x axis. 
CB. Now the A* 
are identically 

* CA=CB. 


A and B whose co-ordinates 

-5) respectively. Join AB 

Then DA and 
' Take any point 
oin CA and 
■> CDAandCDB. 
' equaUTheor.4), 
B 


Y 


-/lo] 

Q 


\ 



Y 



Hence, the circle drawn with centre C and 
passing through A must also pass through B. 
8. Let AB, CD be anjj two parallel chords 


in the circle AC 
is O. Bisect AB 
F. Join OF and 



D B whose centre 
at E and CD at 
OE. 


Proof— Now OE is perp. to AB and OF is 
perp. to CD ( Th^r. 31). ' 

Since AB and CD are parallel, OF is also 

* * f » 

perp. to AB. Now from O twoperps. OE.and 
OF are drawnTo ' ABi’ ‘Hence these lines must 


coincide, i, O, -E and F 'must be on the; same 
st.lineOEF, 
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. 9. See F.g. in Ex, 8, — ^Let CD be any chordl 
of the circle ACDB whose centre is O. Through 
O draw GOF perp. to CD cutting CD at F. 
Then F the mid. point of CD. 

Proof, — Draw any chord AB parallel to CD 
cutting FO at E. Then OE is perp. to AB. 
.'.Eisthe mid. point of AB ( Thsor. 21 con- 
verse). And E lies on FG, Similarly it can ,be 
shown that the middle point of any other chord 
drawn parallel to CD lies on FG. Hence FG is 
the reqiiired locus. 

Q. E. D. 

10, Det AC BD be a circle 

%yho3e centre is / q \ 0, and letAB, 
CD be two chords ^ intersecting at E. 

It is required to prove that the chords AB, 
CD cannot bisect each other unless each is . a 
•diameter. 

. If posstolelet the chords ^AB, CD bisect 
, each other at E. Join OE, 

Proof.-r-Since Eis the.middle point oJ! AB 
the Z QEB is art.Z (Theor. 31). 

Again since E is the middle point of rCD, the. 
ZOEDisaYt. Z <3:;heor. 31), 
rZOEBethc Z OED. 
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. The , part fe . equal to the whole, which i» 

absard. \ 

Haace AB, CD cannot bisect each other. 

But if each be a diameter, they would interficct 

at centre O. A li obviously a. diameter is bisected 

at the centre. ^ 

Q. E. D. 

11. Le tABCD — >v be a parallelo- 
gram inscribed m — jr — — u circle and let 

the diagonals AB, intersect 

It is required to prove that O is at the centre 
of the circle. 

Proof— Since the diagonals AB, CD of the 
Parallelogram bisect one another (Cor. 3, Tbeor, 
2b) at O and each is a chord of the circle. Hence 
each must be a diameter! (proved in Ex. 10), 

O where the diagonals intersect is at the 
centie of the circle. ' Q. I«\ D. 

12., Sc<! Fig, in Ex, 11.— Let ABCD be a 
Parallelogram inscribed in a circle and let the 
diagonals AB» CD intersect each other at O. ' 

It is required , to show that the parallelogram 
ABCD must be a rec^ngle. 

Proof. -Each of the diagonals A B CD mngfc 

be a dianeter (pfove^ in Ex..ll>, and hence ' thejr 
are equal. 
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.•. the i»rallelogram 
(Ex. 5, page 58). 


A BCD is a rectangle 

g. E. D. 


PAGtL 151. 


1, LetAB, CD be any two 

of a system of ^ chorfisofa 
circle whosecen- / ( q/ jS fre is O, and F 

and E be their \ v\y / mid. points. 

aXf7<s> 

It is required to lind tlie locus of the point E 
or F. Join OE and OF. 

l-Toof. -- Since equal chords of a circle ace 
equidistant from the Cintre, OF =t)E (Theor, 34), 
the middle point of any one of the given 

system of equal chords is at a dtsmneesOF 
from the centre. 


the required locus is a circle v/hose Cfjilre 
is O and radius^OF, the common distaiice of the 
equal chords from the centre O. 

Q. E. D. 


2. r.et AB, 
chords of a cir- 
is O; cut one 
such that the 
<OED, 



CD the two 
cle whore centre 
anott'er at E, 
Z AEO= the 


It is r^uired to prove that AB, CD* are 
equal, ' • 

’ 'From O dfaw'OF perp. 'to AB and OG perp. 
to OD. 



becduse; 
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Proof ;rrln A*/pFE and OEG, . ^ 

r the ZOEF=the OEG (given). 

< .,_th8 ;Z OFErthe ,Z OGE being rt. Z ® aa^ 

I OE is common to both. 

;. the two A* are e^aal 'in all respects (Thiior^.- 
17) so that OF=OG. 

*; -/.ABisCD (converse, XheoTi 34). 

/ , ^ ■ 

3.. See . fig. ^ in Ex » 2. '—Let the two '^’qnar 

chords AB, CD of a circle -%liose centre is' O' in- 
tersect at E.' ‘ '■ ■-.‘/•i 

.It is required to ’prove that A EiED’ and' 
EBsCE.' From O draw .OF ‘perp. • to AB, and 
OG perp; to CD. Join OE'.' ^ 

: Proof. f-Because AB a CD;. ';OFsOG (Theory- ! 
34). In the A* OFE and OEG . • • 

. ,f^F=pGV ' ■ ^ ^ : 

Because < OE is common t6\bqth:, ? 

. . ■ ■ t. and the £ OFEstheZOGE, being xt, 

■ V. the two A" are’ oorigruerit ( Theor^ 18 ); so- 
th&t FEsEG. 

'• Beqausiof is perp,. to AB-ri E is:miadle= 
pomrof AB, (converse,,' Theor.: 31)'. • - t ,--; 

of ® rtiie Vi'Jdle'.'PO^iA 



FEiCG, EG. EBLGE. 


gV. ;! ■ ' ' ■ 
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4. Let O b*e the c cenlreofthegivei 
^irde, AB and CD be two giva 

«t. lines which i A AB is not greate 

than thCL diameter iv of the -circle. 

• ' ' 

It is required to draw a Chord in the given 
-circle which shall be eqnal to AB and parallel 
to CD. - • 

Constraclion Take . any point E on the 

circumference of the circle. With centre ' E ahd 
* • • . 

xadiussAB draw an.-are cutting the circle at 

F. Join EF, From O draw OK perp. to EF, and 

perp. to CDi From ON cat off bD=pK. 
Through L draw HLG perp. to ON meeting 

the circle at G and H, Thien GH is the required 
chord.' 

Proofs. Since OL=OK (by construction).. 
,*.GH=EF (converse, Thepr. 34)=AB. 

Again since GH and CD are preps, to ON- 
* G H and OD are parallel (Ex, 2 page 41),- 

' Q. E. D. .* 

'5, -Let PQ be a ' •_ - fixed chord of 
the circle whose centre is Oy let 

AB and A'B' be B any two diam^ 
ters of which the C ^, latt^ cuts the. 

chord PQ while ^ the former does 

not. Draw AC, ® BD, A'CV-B'D' 

perps. to PQ. meeting PQ prhduced or PQ at 
C, p, C', D’. ' 

It is'required to prove that the shm of the 
perps. AC and DB, and the difference of the 
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ppirps. A^C and A'D' are constant' for all 
jjOsitions of.AB. . 

,, 'From.O draw OE perp- to PQ. 

' Trpof.T-OE = I (AC+BD) or f (AC— J3'D'), 
Since A and B are on^the same flidci and A' 
and B^o:on opposite sides of PQ (Ex.. 9, page 65). 

Since the chords PQ is 'fixed (given) OE its 
distance from the' centre O is of constant 

- - ' ■ I 

-length. ‘ ' . ' 

Hence (AC + BD) or (A'C— B'D') is 
« 6 nstanti 

- 9-E.p. . 

• | 6 . With any ‘ point O as centre 

and radius. = 4*1 cm. .draw> the 

drcle 'AB CD. ]) With any pt, A 

m the circum- yj as centre 

.and : ■ radms=l *8 ; . \ cm . draw . an 

are ^cutting the \ B c circle, at 'B. 

Join- AB, - Then AB is the reqd. chord. 
Similarly draw the chord CD * 1*8 cm. Bisect 
AB nt F and CD at E. Join OF, OB, OC 
ahdOE: 

, .Because OF bisects the chord AB, ther^ 
■fore it cuts AB. at rt. /"(theor. 31.) and OF=s 

— BFa e= ^ 4 -ia — .-92 =4cm. 

Similarly - OE chts Qp at rt. </*(Theor. 31 
•^d OEs^/boa :=' cB 2.=V^4-U==-9-^,^4 cm. OF= 

/ Jhe : points -F;'E as. wdl ^ as the , middle 
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points of all chords 1*4 cms'. long lie oh' a ci^le 
whose centre is O and fadius=4 cm, ‘ ' • ; 

Measure OE and it will be- found' to be 4 cm, 


' With fcentre O and raditis=.4 ctn. draw the 
circle. - ‘ i ; , 

7. With any -point' ‘■. -.O'- 

centre and-^ . radius = 3*7? draw 

a circle. Take/ pt. A^jn the cir- 
cumference ■ of V ■ '^yL^ ihe circle. VVith 

centre A and redius=2*4'^- draw 

an arc cutting ' the = circle -at B« 


Then A and B are the reqd. pts. Join AB. From 
O draw OC perp. to AB; then AB is bisected at 
O (converse. Theor,. 31). Produce OC to. P 

making OP=4''. .The^i P'iy-..the centre* of: the 
smaller circle. •’ : .. 

* •*‘‘^** ' I* 

With centre P and rMiussPA' draw a circle'. 


♦ * ' * 
This circle passes through the point B also. Join 
OA and AP. 


- 

OC = v/" OA2-AOi=\/' 3 7iS— 1-23 = 3-5 
'.•.CP=OPt-1,OC-4-3-5''s=’5''. \ 

.'.PA the radios of smaller circles 
v/" A6i4^pX'= 1 2ii- 5i= 1*3". . . 

Pags, 15^.' 


1. Let ACB bo ^ the given circle 
whose bsntre is /. n \ 
the given point ’ f ' P' ' V -in 'it; ' 


It is required to draw tfe'* Yeast^ ‘possible 
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pliord through- E. • 

■ -jjjin OE. Through- E draw AEB jrerp; to OE 
njpeting.the circb at, A, B. Then AB is the reqd. 

chord. ' • . 

^ « 

Let'CED be any. other chord through E. draw 

Of per’p. to , 

.. .Then, in the right angled Zv EFO, OE 
(being the hypotenuse) is greater than OF. 

CD is, greater than AB (Theor, 35). . 
Similarly, it can be proved that every other 
chord through the i^int .E. is' greater than AB. 

, .Heccs "AB, is the least possible chord that can 
be .draw ti ihrpugh E • 

' Q. E. D. , 

’2, -Xafeeast. line BCs3*3.^ With centres 

B and Xy. and radii equal to 

3*7", arid” 12® f o respectively, draw 

two arcs 'cut- titf^: ore’ another 

at A. Join and AC. Then 

ABC is thej^ -r required triangle, 
y, Now 1*22 '= 13-69 = 3-7'* 

the trian^e5^'ri{7 A. ' 

: , Construction.— Bisect BC at , D. At D draw 
DO perp. , to BC’ meeting BA at O. Then O is 
the centre of. the reqd: , circle. Join' OC. With 
centre O and radius OC draw the' circle ABC 
which -passes thfough A and B also. 

Since O is the mid. pt, of AB (Ex. .10, page 47)- 
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BA is the diameter of the circle' ABC* 
radins=:| BA=f x 3*7* or 
• Measure OC and if will' be found to foe 1*85". 

3. Construct . the A ABC 

such that AB= ~ 3", . BC = 2‘8" 

and AC= 2*6." X It is . reqd.' to 

draw the circum- / q -a circle of the A 

ABC * and to y measure its radi- 
us. . ^ ^ . ‘ 

Construction. — Bisect AB at D and, BC at 
. E. At D draw DO perp. to AB ; at E draw EO. 
perp. to BC meeting DO at O. Then O is the 

centre of the reqd. circle (Theor. 32), 

With centre O and radius OA draw th6 
circle ABC. 

Measure OA and it will be found to foe T62". 

, ; ■ .Q.E.D. 

4. Let O he . the centre of 

the' cirde' of ' which AB is 

the fixed chord. / o ' V^Xakeany pt. 
Z in AB. Join OZ. \ Through Z 

draw the chord XZY perp. to 

OZ, 

Then the chord XT has its middle pt, Z 

(converse, Theor. 31) on AB. From O draw- OC ' 
perp. to AB. Then AB is bisected' at C 
(Theor. 3r)« v 

It is reqd. to find the greatest and the . least 
length that XY- may have. 
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Proof .—The length of XY depends upon its 

distance from the centre O, ^ e, on Q'Zr 
(Theor. 31). XY will be greatest for the least 

."value of OZ. and least for tbe greatest value of 
OZ. 


Now since Z is any pt. on AB, OZ wilf be 

least, when it coincides with OC, the perpT 
from O to AB (Theor 12). In that case XY 
becomes the, chord AB. Hence AB is the greatest 
length of XY. ’ 

^ e * » 

Again, since Z must be on AB, OZ is great- 
est when OZ coincides with OA or OB. In that 
case the length of the chord XY becomes zefo^* 
which is its least value. 

Again as Z approaches from A or B to O 
(the foot of the perp.), length of OZ.diniinishes, 
( Cor, 3, Theor. 12 ). XT increases as Z 
approaches C the mid. pt. of AB . 

Q. E. D. 


5. Plot the pt. B whose 
co-ordinates are ( l-S" ) 
also the pt. C ’ who'se co - ' ^ 
ordinates are (1*8", 2*4*'^. 

, With the origin O as centre and radius s 3"' 
desaibea circle. ‘ . , , 

Join CB and bisect it at E From E. draw EF 
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'ik . 

©trp' io XX'.- Join OE. Draw CD, AB perpS. 

^oXK'. • ' - • - ' 

Bscauss OB « sfOA*+BA® s 

=V9^3" and OC=VOU2+GD*“ 
•^1;»2+2-42 « V9'P0s3'V 
OB = OC = 3" = the radios. 

Hencej the pts. B and C are (Xi the circle* 
ii) From B draw, a perp. to CD, and suppose 

it cuts CD at F, ' Then CB ss VCF*+FB*5 but 
EB = DA = OA ^ OD = 2 4*' - 1-8" = -6", and 

CK = CD - BA = 2-r - 1-8" s *6". CB* 

. 

^ (j2+*62s:->l*?2=:‘848" = ‘SS^approx. 

(ii) OF = ^ ( O A+Ob ) « I ( 2*4" + 1*8" ) 
s2-l", and EF * i ( CD + BA ) = f( 1*8'' + 

^• 4 ") = 2 * 1 ". ■ • ' . * 

' ( til ) OE ( perp. from O ) = s/OF*+IjF^ 
ss vz**®+- t ^ = \b’82 s<2’969'' a 2‘9^'< approx. 

Page i55. 

I, Let AB ' . - be ,a given" st. 

line, and C a g.ven pt. It is 

reqd. lo . prove / ^ ^ ihat til ‘ circles' 
who'e ■ centres, - 1 0 P E/yB lie on AB anji 
which pass' through the fixed 

1 ,'■ 

pt. C. must pass through a second fixed point. 

Draw CE prep .to -AB, Produce CE to D 
miking ED-CE. Thea D is the second fixed pti 

-• Prou;.— Siaaa AB bisects CD at rt. angles. 
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.%all the ptsV'On AB are-, equidistant from C 
and D (Pfob. 14;)'. • ‘ ' 

.'.The circles’ u hose centres O, P, etc.. He 
on AB and ■ which pass through C also pass 
through D. . - . 

- ^ . .. . . . , . Q. E;D. 

• . . 2, Let two circhs AGHB and A 13 CD who*e 

centres ar« O ; and P intcrsfct-at 

A and D. j Jiti ^ \ AD. Ihen AD is 

the cDmmoii^ °-m — P jchord. Let .a- 
st. line BCV / paraUtlto AD cut 

«ies3 cird iS at B, G, H and C. 

It is reqd. to prove- that the .intercepts DG 
and HC are equ 1. ' / ' * ; 

' Join OP cmti.og AD at E.and E.C at F. 

- Proof— Since OP bisects AD at rt. (Ex.2, 
page 147.) and. \ C is.paral ei to: AD. 

..'.OP cuts BC at rt. /* (Ex. 3. page 41.); 
.arid since BC is cf vhJ, chord the circle ABCD, 
it bisects BC (Conveise, i'heor, 31), i, e. BF=Fc! 

. Again since GH is the chord of-the circ’e 
AGHDa'ndOFis perp/td 'it, OF bisects CB 
'(Converse, '1 be-r -31 .) i.e., GF=FH/ 

. aBF-FC=FC-P'H, or B3=HC. 

< 

- . - _ * ' Q.'E. D, 

3. Let two circles AKLC and KLDB whose 

■centres are Oand P. cut one another at the Dts. 
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K acd L.'Let AKB ^ 
parallel st. lines 
K and L cutt- 
at A, B, C and D. 



nnd CLD be two- 
drawn through 
ing the cirdes' 


It is reqd. to prove that AB,-CD, 


Through O draw FEO peip. to AK and CLJ 
Through P draw HGP perp. to KB and LD. 

Proof .~EF and GH are pj-rallel (Ex. 2, page- 
41.) and AB, CD are pirallel, therefore the^ 
figure EFHG is a parallelogram. 

,VEG=FH (Theor. 21) 

Since OE is perp, to AK OE bisects AK at 
E. (Converse, Theor, 31 ) so th-it EKst AK. 
Simfiaily, KGaP^B, FL=| CLaud LH^LD., 
vEK+KGs^AK+KB), and FL+LH=i-(CL'f. 
LD ), I. e. EG=i- AB, and FH= J CD. 

But EG=FH (proved), therefore AB=CD. . 


Q E. P. 

» * 

4.' Let two circles ACFE and EFBD whose- 
centres are O and P ci t cne another at E and 

F, Join- EF : then EF is 
the common chord. . 

Through F draw two hues 
AFB and CFD making 
equal angles -with EF 
(®. c., the Z AFE = lhe 

ZEFD and , the Z EFBsrtbe 
nated by. the circumferences- at . A, ‘ B, C and b*s 
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It is reqd. to‘ prove that AB and CD are eqiial.- 
Froih ,0 draw OH, OM; perpsr to' AF, CF 
respectivdy -j from ' P dravr 'PK, PL perps. tO' 
FB, FD respectively. Frorii O 'tow ON perp. 
to PK, and from P few PQ perjp. to OM. JoiJi 
OP catting EF at G... • ‘ 

Proof .-r-OP bisects EF at rt, angles E:s, 
page 147,). , 

Now, . in the . quadrilateral OMFQ the- 

OMF and OGF are rt. angles ; therefore the 

Z"MOG and MFG' are supplementary. Silhi-- 
larly in the quadrilateral GFKP : the Z'^GFK!. 

and GPK are supplementary^ ' ‘ • 

'But the z MFG = the /GFK (given) there^ 
fo« the ZMOG = the ZGPK. < 

■ ■ Now, In the A® OQP and OPN. ' . , 

. g" f the Z QOP = the ZOPN ( proved ) 

. the ZO.QP.i the ZONP being rb.Z» ’'' 
w I and OP js commori.to both» 

, two A® are equal in • all respects (Theor. 

so that QP = ON. . , 

■i The, figare OHKN is a parallelogram ; 

; /. ON = HK: ( Theor. 2i ). Since ,OH is^ 
perp. to AF and PK perp. to FB therefore 0& 

bisects. AF and.PK bisects FB (Converse, Theor.' 
31), that is, HF is I'AF^uhd FK is f- FB . HF4- 

FK = A ( AF+FB; ), or HK * k AB OH: 
= AB. 
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.Simihily, it can be proved that QP ‘CD, 
But QP = ON (proved),' therefore AB = CD. 

Q. E. D, . 

5. Drayr a sfc. line AB=2.4 cm. bisect AB. 
at C. Through C draw perp'. OCP. centre 
B and radius = 2 cm. draw an -arc Putting CO ■ 

atO.Withcen- tre B’ ?nd radius 

=3.7 cm, draw \ another arc cat- 

tiiig CP atP. With. centres 

O and P and radii equal to 2 cm." 3*7 cm- 
respectively draw two circles. . - ^ 

It is reqd. to find the length of OP verify 
it by measurement. Join OB and BP. 

00= VOBa-BC-* = 

e1‘6 cm. And'CP=VBP='— BC2 - yr3-7— l*2jr 
-=\/’12'23 = 3*5 cm. 

.•.OP=OQfCP=l'643*5 = 5*1 cm. Measure 
PP and it will be found to be 5'1 ’em. , 

.'.The true length of OP=51". 

6. See fig, in Ex. 5-Make a st. litJe OP=2'l". 
With centres O and P and radii rqual to I” 
and 1*7' respeciivtly, diaw two circles intersect- 
ing at A and B. 

Join Ab cutting OP at C. Thert AB-is the 
common chord. . , . ■ 

It is reqi. to find by calculation? and ^7 
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m’-asate tha. -langth' of AB, and' the. 

lengtTas of OC and OP. ' ' ' - 

Join OB and BP. , 

Let pC=x then ,CP^OP~OG«2*l—Xo Now 

OB«-6c*=GB 2 sBP^-CP®, Off 12-^2 = 1.72^ 
or 4*2 ;i;s2-52;’ , . ' 

^v:^rj.e.,oc^r cp=2*iw=i'5^, 

; .CB'=:A!OB^C?5=Vl2i:^a=^64=*8''. / ,ABs2x-B' 


sl'6". , 

' Page 157. 

=1, Let 6 and P' be the centres of two given 
circles AEGB andCHFD. which do not intersect.. 
Join OP cutting the circles at 

B’and C.' Pro- duceOPboth- 

ways to meet the circles ^ again 

at A and D. Let ' — My other st, 

line EGHF cut the circles , 3 t E,'G, H' and F,‘ 
Join FO and produce it to meet the- circuroferr 

etice Sit K. • ,-* 

< ' * * ' ' ' ' ^ ? 

It is reqd. to prove that '( 2 ) AD is the great- 
est, and (ii) BC tie least of the st; lines which* 
have one extremity bn each of two given circles, , 
Proof. — (0 Since from the external pt.' O, the 
st*. line' OD is drawn through the ' centre P, and 
OF is any other liiie^ ' . ■ " 

■ .*.'OD is greater than* OPXTheor. 37^'- To‘ 
these unequais add -equals OA and OK. '• ‘ ^ ' 

Then^ OD+AO are ' together ^eater thM’ 
OF+KO^.t. e\ AD is greater than J^F. 



-30 


SoLUTjoiis .Geometry 


Again since from tlie external .pt^ F,- ‘ tte 
St. line FK is drawn through ithe‘ centre O „^d 
;EF is any other line. 

JKF is greater than EE (Theor. 31 ). 

AD is'much more greater than EF. - 

I , 

. .Similarly, it can be proved that AD is greater 
than any other st. ,line having one extremity on 
each of the two circles. 

Hence AD is the 'greatest of all such lines, 

(it) Join HO cutting the circle AEGB, at L. 
Becauce H'L when produced 'passes through the. 
centre O, and HG- does not, and they are drawn 
|rom the external pt. H. 

_ ’ HL, is less' than HG .(Theor. 37), 

Again since- 00 when- produced passes through 
l;he centre P,‘ and OH does not, and they, are 
drawn from the, .external pt. O. 

OC is less than OH. And since OB=OL. 
OC 7 OB is less than OH~OL, 

. i. e. BC is less than LHj but LH is less than 
,GH (proved). /.BC is much more less than .GH. 

Similarly, by taking any number of st. lines 
germinated by the circumferences of the circles; 
it can be -.proved that BC is less than any of them; 
■Hence BC-is-the least of all .such- lines; 

Q. • E,;- D. 
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2. iLeVABCP be a circle whose centre is 
and from any pt. 

ference let ..the ’ / JinesBOAjBDand 

f BC: be drgwn a{ if^Wto -the circuinte 

rence, -so that .-.V . * • J -ths Z-BOI^ Bub- 

tended ‘by B'D at- the centre is gteatr 

er than the ZBOC siibtended by.,BC, . . 

, , l^t is reqd. .to prove - that. pf .these stv lines, 
-^i) BA is the greatest^and BB is greater 
jthanBC: 

l. Join Ob. pC.. ; . . ' 

. , Proof.— («) IntheABOp the sides B,OjOD 
, * ' * « • 
are together greater than BD (.Theor, 11), 

•Bat OD=:0.\, being radiij , 

B,0, OA are together greater th^ BD, 

*. e.' BA is greater than BD, ^ ‘ 

SimUarly it can be proved, tbat BA is greater 
than any other straight Hne drawn from B to the 
circumference.’.: . < 

Hence BA is the greatest of all Such lines. 

(ii) In the. two A® DOB and ,CQBj 

, o C bDapO. being radii : - 
S J OB is common to both . . . 

o j but the ,,iDOB is -greater then the ZCOE 
(..’-(given);- ; V - ' ; 


'' BB - is greater than BC (Theor. 19.). ' 

v'- y ^ ■ :.‘Q-e. p. 

3, X^t ABC'smd EDB be twp given circles 
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whose centres are :0 'and P, 
and Ut E be one of the pts, 
of iritersectioa of y the ' cir-\ 
cles. Jpin OP. Through E ; 
dra'iVths Sthne- AE13 parallel \ 
to OP and terminated by 

the circnmferences at A and B. 

i . 

It is rcqd. to prove that AB is 'the greatest 
of all lines drawn, through E. ' ' 

Let CED be any other st. line drawn through 
E. From O draw OH, OF perps. to AE, CE. 

From P draw PK, PG, PL perps. to EB, ED 
and OF respectivly. ' • ' ' 

Proof. — Since the figures OHKP and LFGP 
are parallelograros. , « 

OPsHK, and LPsFG (Theor. 21). 

In the rt. angled A OLP, the hypotenuse 
OP is greater than LP. ’ 

HK is greater than FG. 

Bat HK = HE + EK = A AE.+ fEB^fAB^ 
and FG=FE+EG=f CE+i ED=gCD. ' 

AB is greater than Cl). 

Similarly it can be' proved that AB is ^greater 
than any. other st, line drawn through ' E: and 
terminated by the circuthfereaces. - 

Hence AB b the greatest of .all such lines, 

- . ; Q..E. Di ] 

,4. Take, any two pts. A and B on the X-axis.. 
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Let D be the pt. -sdiose' co- 
ordinates are 

centres Aand3^,andradn ADy 
BD respectively draw two 
circles intersecting again at the 

pt. C. 

It is reqd. to find tbe coordinates of C. Join CD« 
Then OD is bisected at rt. angles by AB' 
(Ex. 2, page 147), i. e, by the x axis. 

Hence, the co-ordinates of Care (8, 11). 

5. Plot the pts. A, B and C whose co-ordi- 
nates are (-6, O), (15, O) and 
( Oj 8 ), respectively. With 
centres A and B and radii AC, 

BC respectively draw 'two A 
circles intersecting at D. ' 

It is reqd. to find the lengths of the radii 'of: 
two circles, and the co-ordinates of tbp nt D 
Join AC and CB. •' 

Because both .the centres A and B lie on the' 
axis of X, and^ the pt. O lies on the y axis the st. 
line CD is bisected at rt, angles at the origin 
by the x axis. Therefore; the co-ordinates of 
the pt,.D ^Q_COjr8y^__ 

/.AG=v^C Q ^+AOg = 10; and 

VC02'+ OB2= VP+TP=17. Q, 

6. Let OAB be an isosceles triangld with 

an a-norlc nf SJO® ■— 


an angle of 80" at 
centre O and ra- 
circle. Let P, Q.pr 
ber of pts. on \ 
of the ircle on 


.pits vertex O. With 
j\dius OA draw a 
/ rR,^..be any num-" 
ly the circumference' 
B the same side ofi 


3 
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AB as the centre O. Join AP, BPi AQ, BQ> 
AR» 

, • . It is reqd. to measure the angles APB, AQB, 
*iARBv subtended by the cWd AB at the 
pt's. P, Q, Rj..; — - 

Measure the Z® APBj AQB, ARB, and it 
will be found that each of them is equal to 40°, 

Now, make the Z* AOB ss 50° and 
repeat the same exercise. It will be found that 
each of the Z* APB, AQB,. ..is equal to 25“. 

Inference, — The angles at circumference of a 
circle subtended by any chord are all equal to 
one another, and each of them is half of the 
.;angle at the centre subtended by the chord.^ 

Page 161. 


1, Let BAG, BDC be angles in the sanie 
segment (major) BADC of a circle whose centre 

is O. Join OB, 

BDC is given 
find the num- 
in each of the B' 

OBC. 



OC. The angle 
,^74°. It is reqd. to 
^ ber of degrees 
Z* BAG, BOG, 


The Z BAG = the Z BDC (Theor. 39). 
= 74°. 


The Z BOG = 2 the Z BDC ( Theor. 38 ). 

= 2IX 74°. = 148°. 

Since OB ss OC being radii the Z OBC> 
/= the Z bCB (Theor. 5). ' 

-But the Z® BOG, OBC' and OCB together' 
= 180“ ( Theor. 16 ). 



Part III. 


35 


/. Z OBC + Z OCB = ISO'* - Z BOC or, 

2 Z OBC= 180«>— 148“* 32“. Z OBC = 10“. 

Q. E. D. 

2. LetB AC, BDC be angles in the same(minor) 

segment BADC of a circle whose 

centre is O. OB, OC. 

Let BD and CAD/^^C3^ untersect at . X. 
The Z DXC is I 0 /given 40“ and 
TheZXCD, 35". y 

It is reqd. to find the number of degrees in 
the Z BAC and in the reflex Z BOC. 

In the A DXC, the Z^XDC, DXC and XCD 
together = l80"(Theor. 16). 

Z XDC = 180‘>-~(40“+25") = 115.“ 

But the /BAC t= the Z BDC (Theor, 39), 
=115". 

The reflex Z BOC=2 the Z BDC (Theor. 38) 
=2x115" =230.“ 

3. See, fig, in Ex. 1. — The Z CBD is given 
43", and the Z BCD = 82". 

It is reqd. to find the number of degrees in 
the Z« ABC, OBD, OCD. 

In the A DBG, the Z BDC, DBC, BCD 
together = 180“ (Theor. 16 ), and the Z CBD 
= 43% and the ZBCD =82." 

The Z BDC = 180".-— (43® + 82") ss 55". 
The Z BAC = the Z 3 DC (Theor. 39), 

= 55". 

> • 

The Z BOC = 2 the / B'DC (Theor. 38) 

= 2x 55"= 110". ' ' ' 
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Since- GB = 'OC bdng radii; therefore the 
Z. OBC ssthe Z OGB (Theor. 5). In the A 
OBC, the Z® BOC, OBC, OGB togetherslSO? 
(Theor. 16), and the ZBOC = 110°. Z OBC + 
Z OCB = 180° — 110°, or 2 Z OBC = 70“^ 
Z OBC =‘35° = Z OCB. 

ZOBD = Z DBC +cZ 03 c = 43° + 35° 

78“ ; and Z OCD = Z_BCD + Z OCB =.82“- 
35“=47°. - Q. E. D. 

4. See fig. in ex. 2. — It is raqd. to show 
that the Z QBC = Z BAC — 90°. 

Proof. -In the A BOC, because theZ® BOC, 
OBC and OCB together = 180° (Theor, 16), 
and the Z OBC = the Z OCB .(.Theor. 5), 

2.^ OBC = 180°- Z BOC = 180°- (360° - reflex* 
Z BOC) = reflex Z BOC - 180?. 

Z OBC -a I-, reflex Z BOC — 90°. 

But theZBAC = f reflexZBOC (Theor. 38), 
ZOBC= ZB AC— 90°. 

9 . E. D. 

Page 163. 


1 . With any pt. O as centre and radius = 
1*6" draw the circle ABCD. Take two pts. B 


and A on the 
Join BA. At B 
=126°, the arm 
circumference at 
D on the arc 



circumference, 
make the Z ABC 
BC meeting the 
C. Take any pt. 
opposite to B,:- 
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Join DG md BA. Then ABGD is the reqd. 
inscribed quadrilateral; 

Measure the BCD, CD A and BAD jit 
will be found that the Z BCD =114% the Z 
CDA = '54" and the Z B AD = 66“. 

(Note.-r-TheZ ADO Will always be equal to 
34" j but the Z ‘ 8CD.* and BAD may have 
different values depending on the position 
ofD). ; \ , ■ 

The r ABC and ADC = 126" + 54" = 180", 
and the Z*' BCD and BAD = ll4" + 66" = 
180" ' . 


Hence, the opposite angles of the Inscribed 

.quadrilateral ABCD are supplementary. ' 

Q. E. D. 


2. Let AB 
lateral inscribed 
Join ACj DB. 



CD be a quadri- 
in the circle ABO. 


It is reqd. to prove by the* aid of Theorems 
.39 and 16, ' that the Z® ADC, ABC together = 
2 rt. Z‘= theZ® BAD-, BCD together, 

■ Proof.— Since the Z ADB = the Z ACB 
and the Z BDC = the Z BAC (Theor. 30). - 


/. the Z ADC = the Z ADB + the _ Z BDC 
= the ZACB + the Z BaC. 

To these equals add the Z ABC. 
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Then;, the Z ADC- + the Z ABO — the Z* 
ACB +BAC-tABC = 2 rt. Z* (Theor. 16). 

Similarly it can be proved that the Z* B AD, 
BCD together = 2 rt. Z\ 


3. Let AB 
leiogram about 
can be described, 
prove that the ' 
a rectai^le. 



- Q, E. D. . 

CD be a paral- 
P which a , circle 
It is reqd. to 
/^parallelogram is 


Proof. — Because ABCD is a cyclic quadri- 
lateral, therefore the opp. Z® BAD and BCD 
together = 2 rt. Z® (Theor. 40). 

But the / BAD = the opp. Z BOD 
(Theor. 2l).. 

.•.Each of the Z ® BAD and BCD is a rt. Z- 
and since the quadrilateral ABCD is a parallelo- 
gram, it is a rectangle. 

Q. E. D. 

4. Let ABO be A an isosceles triangle 

and let XY be drawn A parallel to the 

base BC cutting / \ the sides AB, AC 
in X and Y. It is y / X w reqd. to prove that- 
the four pts. B, C. L \ Y, Xlie on a circle. 

B C 

Proof. — Since ABsAC (given), the Z ABC* 
the Z ACB (Theor. 5). 

Since XY and BC are parallal and XB meets, 
them. 
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the 'YXB ‘ and XBC togetherss2 rt. 
(Theor, 14').- 

,*.the V YXB and. YCB - together=2 rt. Z®, 
Hence the pts. B, -C, X, Y are concyclicr 
(Converse, Theor. 40]i, 


S.'Let ABCD 
rilateral and let 
to any pt. E. It 
that the exterior 
opposite interior 



be a cyclic quad- 
BC be produced 
® is reqd. to prove 
Z DCE = the 
EZBAD. 


Proof. — Because ABCD is a cyclic quadri- 
lat'eral, therefore theZBAD is supplement of the 
Z BCD (Theor. 40). 

Also, the Z ECD is supplement of-Z BOD 
(Theor. 1), ^ 

.‘.the Z BADssthe Z DCE [Cor. 3. (i), 

Theor.l]: " Q. E. D. 

Page 165. 

1. Let ABC be a triangle rt. angled at C. 


It is reqd. to 
described on’ the 
diameter passes 
angular pt. C. 
Join OC. 



prove that the circle 
hypotenuse AB as- 
cthrough the opp.- 
Bisect AB at Oo- 


Proof. — Since OC=s|- AB (Ex. 10, page 47 
therefore OC= 04=OB. 

Hence, a circle described . with centre 'G and 
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jcadius OB will pass -through the pts« A and C. 

•Q. E. D. . 

,2. Let the two ^ circles APB, and 
^AQB, whose centres f O ^ 

intersect at A and yB* Let two di- 
ameters AP, AQ be drawn through A, 

It is reqd, to prove that the pts. P, B, Q are 
iCollinear. Join AB, PB5BQ. • 

Proof. — Since AP is a diameter of the circle 
A PB , therefore the Z ABP is a rt. Z (Theor, 41), 

Again since AQ is a diameter of the circle 
ABQ, the Z ABQ is a rt. Z .(Theor. 41). 

/the jL* ABP and ABQ togeth.er»2 rt. Z *. 

Hence PBj BQ are in the same 'st. lineji. 

,the pts. P, B, Q are colUnear. 


3, Let ABC be 
angle and on one of 
;as a diameter let 
described cutting 



an isosceles tri- 
the equal sides AC 
the circle ACD be 
BC at D. 


It is reqd. to prove that D is the middle pt, 
^of BC. Join ad. 

Proof. — Since AC rs the diameter of the circle 
AOD, the Z ADC is a rt. / (Theor. 41). 

Z ADB is also a rt. Z. . 

.Now in .the A" A^D and ADC. 



because 
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:r ABb AG (given). : - 
J AD is common to both, 
j and the Z ADBsthe ZADC, being rt, L\ 

:• the twoA®ar-e equal in all respects(Theor.l8), 

. -so that 'BDaDC. -i. e. D is the' mid. pt. o£ 
BC, 

Q. E. D. 

4. Also se&.fig. in Ex, 2.— Let APQ be a 
triangle. Let two circles APB and 

AB'Q be described on AP,AQ, as di- 
ameters, and let them intersect 

again at B. 


^ It is reqd. to prove that the point B lies on 
the third side PQ or PQ, produced. Join AB. 

Proof — Since AP is -a diameter, the Z AB P 
is a right angle (Theor. 41), -For the same reason 
the/Z ABQ is aright angle. 

And these angles have one arm AB common, 
the other arms BP and BQ must lie in the 
same* St. line. Since at B there* can. be only 
one perp. to AB, i. P, B and Q on the 
same st. line, i? B lies-on PQ produced. 


5. Let A-C denote' v 
-the - straight ' rod c 
two ^^traight rulers 
4t right angles to 



E -'A X 


Q* -E." D, 
one position of 
sliding between 
OX and QY 
one' another. 
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It is reqd. to find the locus of the middle point- 
of the rod AC. Bisect AC at B. Join OB. - 

Proof. — Then OB = f AC (Ex, 10, page 47 ), 
The length of AC is constant, therefore the . 
length of OB is also constant. And since O is a- 
fixed point, the locus of B is a circle whose centre 
is O and radius OB s § AC. 

But since the rod AO slides between the 
rulers OX and OY, its middle pt. B never goes 
beyond these rulers. Therefore the reqd. locus 
is the arc DBE. • Q. E. D. 

6. Let 0 be centre of the 

given circle and / ^ g^iven pt. 

outside it. It is v 

locus of the middle pts. of chords 

of the given circle drawn through the fixed pt. A. 

From A draw a st. line ACB cutting the 
circle at C and B. Then OB is a chord through 
A. From O draw OD perp, to BC. Join OA. 

Since OD is perp, to BC, therefore OD bisects 
BC at D (converse, Theor. 31). 

Since OD A is a rt. triangle, rt. angled at D. 

/. the circle ODA described upon the hy- 
potenuse OA as diameter passes through D. 

Similarly it can be proved that the middle 
pts. of all chords drawn through A , lie on the 
circle ODA. And since the mid, pt. ‘ of a chord 
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,must lie within the circle, the locus of the mid. 
pts. of all chords' drawn through A, is an arc of 
the circle ODA described upofi OA as diameter,, 
enclosed by the given circle. The same reasoning' 
can be applied when A is on or within the circumfe-- 
rence of the given circle. OA is less than, eqnaL 
to or greater than, the radius of the given circle , 
according as the pt. A lies within, on, or witiiout 
the circumference of the given circle ; also, in the 
last case when A lies without, the locus is only an 
arc; while in the other two cases the locus is the 

complete circle. Q. E. D. - 

Page 170. 


1. Let P be any pt. on the arc of a segment 
of which Ab is the chord. Join PA, PB. 



^ B 

It is reqd, to show that the sum of the Z! 
PAB, PBA is constant. 

Proof.— iln the A PAB, the sum of the 
APB, PaB and PBA = 180°. (Theor. 16). 

.'.The ;Z PAB+th'e Z PBA = 180“— the Z. 
APB. But the £, ApB'is constant (Theor. 39)^, 

. Hence the sum of the Z^ PAB, PBA is^ 
constant. Q. E. D. - - 
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, 2. Let PQ, RS 
a circle intersect- 
3RQ, PS. 

It is reqd. to prove that the PXS and 
EXQ are equiangular to one another. 

Proof. — The Z RQP = the Z RSP, also,, the 
Z QRS = the. Z QPS, (Theor. 39). 

And the ZRXQ = the Z PXS, (Theor." 3). 
.’.The A® PXS and RXQ are equiangnlar to 

one another. , ' - 

Q. E. D. 

,3. Let the two 0 /"' ^ circles intersect at 
-A and B, and ) through A -let any. 

St. line PAQ be \/ drawn terminated 

by the circumfer- ^ S ences at P and Q. 
JoinPB,BQ. 

«■ •• 

It is reqd. to show that PQ subtends a cons- 
tant angle at B, i. g., the / PBQ is constant. 
Join BA. 

Proof.— In the A PBQ, the sum of the Z® 
PBQ, BPQ and PQB as 18 O® (Theor, 16). 

The Z PBQ = 180»- ( Z BPQ +/ PQB). 

Sincp the chord AB is fixed, the angles in the 
segments APB and AQB are of constant magh*. 

. tudes. (Theor. 39). 
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the :sain:pf the Z® BPA and- B Q A is- cons- 
tant, or the ZPBQ is constant., ' . 

^ Q- E. p. 

• 4. Let two circles intersect at A and B/and 


through A let- lines’*' 

PAQ, XAY be \ drawn , terminated 

by the circum ferences. 

JpinPB; BQ,XB,BY. 

It is reqd. to show that the, arcs PX, QX 
subtend equal angles at Bj i. e., the Z XBT= 
the Z YBQ, 

Proof .—The Z PBX = the Z PAX, being in. 
the same segment PABX (Theor. 39). for the- 
Same reason the Z YBQ=the Z. YAQ. But the- 
ZPAX=the4YAQ (Theor. 3)./.ZPBX=ZYBQ,. 


Q, E. D. 


5, Let P be pt. on the arc- 

of a segment '/' /\ \ whose chord ^ is 

AB, and let the f / A j Z® PAB, PBA 
be bisected by V lines " which 
- intersect at O, It is reqd.- to find 

the locus of ihe.pt. O, 

Proof. — In the A PAB, Z APB+ Z PAB +• 
ZABP=l80»(Thoer. 16). " ' 

i’Z APB + PAB + i Z ABP =-90,%. ' 
or, I^^PAB + f:Z PBA.= 90? -.f 4 APB^or 
Z-DAB +-Z-OBA=9,0‘>-.-z’ ABB. - 
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Again, in the A OAB, the / AOB + 
A OAB + Z ABO e 180“ (Theor. 16). 

.*, Z AOB + 90»- Z APB = 180", Z AOB 
=180"- (90H-^ APB), /. Z AOB .= 90" + k 

Z APB=constant (Theor. 39), 

'/ 

Since Z APB is constant. 

Hence the locus of the pt. O is an arc of a 
‘Segment on the fixed chord' ABj and containing 
an angle si ftO® + \i_ APB (^Converse, Theor . 39). 

q.'e.d. 

6. Let two chords AC, DB 

intersect within f ' "A the circle at E. 

It'isreqd. to J q' prove that the 

Z A E D or ZBECsthe angle 

at the centre, sub- tended by half 

* ' X ■ 

the sum of the arcs AD and BC. Join AB. 

Proof.— The angle at the , circumference 
subtended by an > arc = twice the angle at the 
circumference subtended by half the arc = the 
angle at the centre subtended by half the arc. 

The angle at the centre subtende4 by half 
the sum of the arcs AD and BCssthe sum of the 
angles at the circumference’ subtended by -the 
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arcs AD and BO = the sam of the Z" ABD and 
bag a the ext. Z AED (Theor, 16), 

■ Similarly it can be proved that the Z AEB = 
the angle at the centre subended by half the 
sum of the arcs AB and DC. 

. Q.E.D. 

7, Let two chords CDj BE, 

intersect outside j the circle at A, 

It is reqd. to prove that the Z CAB = the 
angle at the centre subtended by half the differ- 
■ence of the arcs BO and DE. JoinDB. 

Proof. — Since the angle at the centre subtend- 
ed by half an arc = the angle at'the circumference 
subtended by that whole arc (proved in Ex. 6). 

The angle at the centre subtended by half 
the difference of the arcs BC and DE = the differ- 
ence of the anglesat'the circumference subtended 
by the arcs BO and' DE= the difference of the 
Z® BDO and DBE = the B AC,, because the 
ext. Z BDC = Z BAC+ZDBA (Theor. 16 )j and 

/.ZBDC-ZDBA=zbAO.- . 
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8. Let A‘C, T^f. 0 \ CB be two chords: 

- 

intersecting at angles. 

■ c ■ 

It is reqd. to prove' that the siim of the arcs 
cut off by -AC and CB = the semi -circumference. 

Proof, — It has been ptoved in Ex, 6, that 
the angles at the centre subtended by half \the 
sum of the arcs cut off by the chordssangle made 
by the chords s 90“^ the smgle at, the centre sub- 
tended by the sum of the arcs = 2x90°=180'’ /.the 
sum of the arcs = semi-circumference» since a 

semi-circumference only can subtend angle=180“ 

. • •» - . 
at the centre. 


Note. — If the chords do not intersect the 
proposition does not hold- Q. E. D. 

9. Let AB py^ \ be a fixed chord 
of a circle and ^ — A_ P any pt, on 
the arc APB. JoinPA, PB. 

bisector of , the 
con j u g a t e arc 


T Vl 'Vw JoinPA, PB. 

T-. bisector of , the 

0 ^ APB meet' 'the conj u g a t e arc 

ADB at D. It Js reqd, to prove- that for all -posi- 
tion of;.P,p is a fixed pt. 

Proof.—Since the APDntheZDPB (given), 
therefore, the arc DA = the mc DB (Theor. 42). 
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D is mid. pt. of the arc ADB and hence 
‘ it .is a fixed pt. Q» E, D. 

10. Let AB, 

chords. Bisect the \ arc A B at 

P and the arc jAC at Q. Join 

PQ catting. AB iatXand AC at 

Y, It is reqd. to prove that AX=r 

AY. Join PB, ' e PA; AQ, QC. 

Proof — Since arc AP = arc PB, and arc 
AQs^irc QC, therefore theZPAB=the ZPBA, 
and the ZQA0=:the ZQCA (Theor.43). 

The Z APQ=the I ACQ, v ( Theoft 39)ss 
the Z QAC. 

Also, the ZPQAssZPBA (Theor. 39)s:the 
ZPAB. 


Now the ext, Z AXY= /_* APQ +PAB 
rrZ" APQ + PQA; also the, ext. Z AYX = 
Z®PQA + QAC= ZPQA +AI^Q (Xheor. 16). 

/.the'.Z AXY=the Z AYX; hence AX =r 
AY. ■ ' . ^ 

\ Q. E. D. 


II. Let ABC 
inscribed in acircle. 
of the Z- BAC,^|^ 
meet the cir« ' 
X, Y and Z. Join^ 



> be', a triangle 
^ Let the bisectors 
ABC and ACB 
(jfcnmference' at 

3gr,YZand zx. 
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I ^ - 


.It" is reqd,'to prove that,'«the ZYXZb 90?^^ A. 
The Z ZYX = 90“ -1|-' B- and .the /jZX 
s90"— i C. ■ ' ' ’ . . 

Proof ~The Z ZXAs’the ZZCA and the 
Z AXY = the Z ABY (Theor. 39). 

The Z YXZ =ZAXY+Z ZXA^Z ABY 
+ Z ZCA s'-f B + C. 


In the A ABC, the sum of the Z' A, B and 
C=180” (Theor. 16). ' 

.•.iA + iB + iC = 90“ 

• A B + iC = .90“- i A' 

X z YXZ = 90“-^ a;. 

- Similarly it can be proved that .the Z ZYX 
=96»— ^B, andtheZ YZXsgO"— i-C. 

• . Q. E, D. 

12. Let two circles ACD, and 

ABP‘ intersect ht A and' Band 

let ‘P be any pt.*{ ' the circle 

ABP. Join PA, \ ^°d produce 

’ «*' * 

them to meet the circle ACD at C and D. 

• * * • *- 

.Itis,repd. to prdve.that the arc CD is of 
constant length for all positions of P. Join AB’, 
ADandCB. ' .> V:, . 


; Proofs Since, the chord- AB is fixed; the 
^egniehts ACDB-,* and, A.PB are , j constant, 
and Z”' APB and ACB are constant ‘ (Theot-* 
38 ). 
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r Nowj the ext, '/DBC = the Z> APB ’+ the 
if' ACB(Theor.l6.)= constant. 

Hence the arc,CD is constant* (Converse, 
Theor. 39). 

Q. E. D. 

13. Let CD - and AB two paral- 
lel chorda of a circle CABD. 

join CA, CB, DA,DB. Itis reqd. 


to prove that CA a DB, and CB a AD. 

Proof — Since the Z DCB a the' A CBA 
(Theor, 14), therefore tiae minor arc BD a the 
minor arc'CA (Theor. 42). 

, .‘.thd chord DB'a the chord CA(Theor. 45). 
- The Z CDB'is'suppIement of the Z CAB 
(Theor. 40). and the Z CDB is supplement of 
the Z ABD (Theor. 14.) the ^ CAB = the 
ZADB. • , ' ' 


/• the arc CB a the arc AD (Theor, 42). 
the chord CB a the chord AD (Theor .45). 


Q. E. D. 



14. Let two 
XAP; N AQY 
another at *"a. ^ 


equal circles 
intersect one 
— Through A let 
P A Y ' t ^ . 

two St. lines PAQjXAY be drawn terminated: by 
the circumferences. Join XE and YQ. 
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It is reqd. to prove that the chord PX si the- 
chord QY. 

Proof~Because the Z XAP ss the. Z QAY- 
(Theor. 3.) /.the arc XP=the arc QT(Theor.’42). 
the chord XP = the chord QY(Theor, 45)o. 

Q> Bb D. 

15. L,et ,two^ circles intersect at P 

andQ. Through (\ /Tj V\ P and Q let two 
parallel St. lines and GQD be 

drawn terminated by the circumferences. Join- 
AC, BD. 

' • \ 

■ 

It is reqd. to prove. that AC es BD. Join PQ» 
Proof-Because AP is pairallel to CQ, and PB 
is parallel to. QD(giveh), therefore AC^PQ and 
PQ = BD (Ex. 13). 

/.AC=BD. 

Q. E'. D; 

B' ' . ■ ■ ■ 

16. Let two>^''~'S^T->v equal circles PBA 

and ABQ inter-| ' \ o’^sect ,at A and B, 

and through A\^:\y \yilet' , any ,st. ‘line 

PAQ be drawn terminated by the circumferernces^ 
Join BPandBQ. 

It ii reqd;’ ^o. -pfoye tbSatBPsBQ 
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I I ^ 

. Prpof-rSince the, cifdes PBA ABQ are 
ahd'the chord BA is icommoa to both, 

.\the minor arc BpA=the minOr arc ACB 
< Theor. 4 ^)^. /. / BPA =Z BQA. 

. ’ BP=BQ (Theor„6). ' 

^ ‘ • V ^ .Q.E.b. 

17. Let, ABC . A . • be ^ isosceles 
triangle inscribed- t l^ie 'c i r cle 

AXBCT, and let ^/fwoj^ythe bisectors of 


' — * < 

the base , an'gjJe 


ACB and ABC 


, meet the circumference at X and Y. • Join AX , ,, 
■XB, AYvYb.'- ' '■ ' ‘ 

It is reqd.^ to pi;ove that the four sides BX, 
XA, AY and YC' of . the figure ’ bxAYC are 

' ' " ’• • - / 

; ' Proof-rThe Z ABC=ihe Z ACB ( Theor. 5). 
,\their halves are equal to one' pother. . ■ 

/.the Z'"’ ABY, YBC, ACX and XCB are 
■equal to one another. - . / . 

* .'.the arcs on which these angles stand' are 
also equal ( Theor.’ 42 ). • ■ - . ; ■ 

,*,the chords which cut bff these arcs are 
-also equal 'C Theor; 45 :), “ 

' ' , That is, the chords AY, YC, AX and’XB 
, are equal to b'ne another. '■ . 

'■■ • P*'. 

..In order tto the figure' BXAYC be equiiat- 
•eraly? the' side be BC must be equal to. BX 5 ..\arc 
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BC must = arc BX ( Theor. 44 ). ZBAC 
must = Z BCX (Theor. 43 ). = ^ ZACB=half 
the base angle. 

18. Let ABCD be a cyclic 
quadrilateral j and let the' opp. 
sides AB, DC be produced to 
meet at P. and CB, DA to meet 

• I 

at Q. Let the circles circumscribed about the 
A* PBCj QAB intersect again at R. Join PB,RQ* 

It is reqd. to prove that the pts. »Pj R, Q are 
collinear. Join BR. 

Proof — Since the quadrilateral BCPR is 
concyclic. Z PRB is supplement to the Z PCB 
(Theor. 40). But Z DCB is supplement to the 
ZPCB. .-.ZPRBsrZ DCB. 

Again, since the quadrilateral "ABRQ is 
concyclic, the Z BFQ is supplement to the Z 
BAQ (Theor. .40). But Z BAD is supple- 
ment to the Z BAQ, ,‘.ZBRQ = Z BAD. 

Now the Z ® BCD + BADb 2 rt. Z* (Theor. 
40). the Z * PRB+BRQ= 2 rt. Z®. 

".*.PR ahd RQ are in the same st. line 
'Theor. 2); u e., the pts. P, R, Q are collinear,. 

Q.E.D.r 
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19. Let ABC . v/tX. ' be a tr^le ana 
letP; Q, R be the mif pts. of 

BC kBaud AC respecbyely.Let 

. ^ c ^ ^ * 

X. be the foot of the perp..froni the vertex A on 
' the opp. side BO. It is reqd.- to prove that the 
foiir pts. P, Q, R, X are concyclic. 
join QP, QR, RP, QX and RX. 

Proof— Since 'AXB is a rt. angled triangle^ 
and Q is the mid. pt. of the hypotenuse AB^ 
therefore QX= AQ ( Prob. 10). . = / 

, /..the Z QXAsthe Z QAX (Theor. 5). 
Similarly, in- the rt, Z^ A AXC| the 
Z . RXA a the Z RAX.. /. Z QXA + Z RXA = 
ZQAX + Z RAX, that is^ the whole Z QXA = 
the wholez QXR, 

Again, since AQPR is a parallelogram (Ex. 2» 
page 64), the Z 'QPR=theZQAR (Theor. 21)* 
/ the ZQXRathe Z QPR.- 
. '/ .the-pts, P, Q, R, X are concyclic (Converse, 

Theori 39 ). 

• , . - Q. E. Di 

20. :See ' figure in Ex.. i-9. — Let ABC be a 
triangle and let Q, R, be the middle pts, * <£ 
BC, AB and AC respectively. LetXj Yj’Z bs 
the feet hf the perps. from the vertices A, B, C 
on opp. sides BC, AO and AB respectively, 
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It is reqd. to prove th^t Z, Q, P, 'X, R,'Y are. 
<?oncyciic. Join QPj QRi RP, QX and'RX. * 

•' Proof — It has been proved in Ex. 19 that 
"the pts. P, Q, R, X are concycliC, i. c,, the circle 
through Q also passes through X. 

Similarly it can be proved that the circle 
through Qj P, R passes through Z and also, 
through Y. j . - 

But only one circle can pass tlirough the pts. 
P, Q and R. ( Theor. 32 ). 

.’.the pts. Z, Qj P 5 X, R, Y are concyclic. 

Hence the mid. pts. of the sides of a triangle 

and the feet of the perps. let fall from the verti~ 
ces on opp. sides are concyclic. * 

Q. E. D. :• 

2 I. Let PAQ, PBQ, be a Series of trian- 

gles standing on the fixed base PQ and having their 

vertical Z' PAQ, XBQ....'..a- given 

angle. Let the bi- f f /K/\sectorsof,theverti- 
cal Z" PAQ, PBQ meet in C. It is 
reqd. to prove that ^ C is fixed .point. - 

, c - 

Proof— Since the base- PQ is fixed and the 
ZPAQ=the ZPBQ; , 

.‘.the vertices .A,- B'... of the A* 'PAQ, PBQ... 
...lie on' the arc PABQ’of the' circle APQB of 
%vhich PQris.the chord ( !Converse> Theori 39*) 

, .’. the bisectors of the I veiticar angle shall in 
all positions of' A pass . through :G, the -mid. pt. 
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of the minor arc PCQ (Ex. 9, page l70)'. 

Q. E. D. 

- 22. Let ABC be , ad • a triangle inscribed 
in a circle, and letEbethemid.pt. 

of the arc B EC f \ subtended 'by BG 

on the i^ide remote I / \ Through 

.-E let the diameter ED be drawn. 

It is 'reqd. - to prove that the L DEA = f 
(/ ABC- Z AGB). JoinBD, BE, DC, CE. 

Pro6f-B ecause the arc BE=the arc EC, (given), 
. therefore the Z DBE = the ZEDC (Theor. 43), 

Since' DE ^ a diamet^, therefore the Zt DBE 
and DCE are rt.-Z" (heor, 41). 

Now, in the A*DBE,DCE, theZBDE=: the 
Z EDC, and the Z DBE = the Z DCE (firoved) 
therefore the ZBED=th>e ZDEC(Theor. 16, in- 
ference 2), 

The I DEC=ZAEC- Z AED = Z BE A + Z 
AED. , 

" 2 / AED=;ZAEC-ZBEA.- 

But the Z AEC=the Z ABC and the Z BEA 
= the ZACBCTheor, 39). - 

.*.2 Z AED = Z ABC -Z ACB. 

Z AED = ( Z ABC-Z ACB). 

Q.E: D'. 

PAGE 177 

1. With any pt, O as centre' and radiis 5 
cm* and 3 cm, draw two concentric circles^ ABC 
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and GHK. Draw • ' eo' AB, CD, EF a 
series of chords of the circle ABC 

touching the cir- / GHK at G,H, 

K _ fespectivdy. fX V IxVc 

OK, then these are perps, to AB, 

CD, EF respectively (Theor. '46). 

Because OG, OH and OK are equal to one 
another being radii of the Same circle . * lAB, CD 

and EF are equal to one miother ( Converse, 
Theor.'34). - • 

Join OB. Then. GB s^joB^lOG® = 

=4 cm. But AB=2 GB ‘(Converse, Theor. 31)= 
2x4 or 8 cm. = length oif each r' chord of the 
system.- On measurement each will bp found 
to be 8 cm. long. ‘ ’ 

2. See fime in Ex, I— With any" pt. O as 
centre and radius = 1" draw the circle, ABC. 
Make the chords -AB, CD, EF eadhslViS’. From 
O draw OG, OH, OK," perps. '.to^A-B,^ CD, EF 
respectively. 

Since AB = CDs EF, therefore OG = OH= 
OK (Theor. ^4). Hence [these chords touch the 
concentric circle GHK' whose radius is Oicj. Toin 
OB. . . 

Ra:dius 0,G=VOB^~GB^= -Via-rS* =s?36=*ft 

3. With any pt.O as centre and radii, =5- 
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cm. and 2*5 draw two 

concentric cir- f cles C E D and’ 

AGB. Draw the C D 

and AB -of the \ two concentric 

circles. Draw any chord FE o£ the 

circle CED to touch the circle AGB at G, Join 
OGandOF. 

GF =vOF‘^-OG2= Vo 2 = ViM5^4*3i 

cm. nearly, ' - . 

- But EF = 2 GF ( Converse, Theor. 31.)= 2 x 
4*33=8*7 cm. nearly. 

4. ''Since TSO S/— is the circle des- 
cribed upon TO as a diameter, there- 
fore the /TPO * / is a rt; Z -(Theor. 

41) 

/.the tangent TP = VTO^-OP® = 

= 12 " 

Make the st. line TO=5*2 cm. With centre 
O and radiuss:2 cm. draw a ' circle. . On TO as 
diameter draw the circle TSO cutting the former 
circle at P and Q. Join TP, TQ, PO and QO. 

- Then TP and TQ'are the two tangents. 

TheZTOPsthe ^ TOQ (Cor. Theor. 47)-. 

Measure the Z TOP ‘and it will be found to 
be 67». 


rev; . ' Q.E. D. 

5. Set figure m ^x, 4. With any pt. O as 

centre ^d radius c ‘7" draw a circle. Take any 

radius OP at P draw the tangent PT = 2*4". 
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With center T ,and^ radius TP draw ah arc 

butting the circle again gt Q. Join TQ: Then 
TQ is the other tatige^t; Jbiil TO. 

TO = a/TP^+PO^ 2‘5" 

* ' Q« £. 'O. ‘f 

6, Let AB, A| BC be two st. 

lines intersecting / \ at A, and let 0 be 
the centre of a cir- ' ) cle touching the 

lines at D andE. y JoinBO.lt is, reqd. 

to prove that '.BO o', e c bisects the ^ ABC.; 


JoinODjOE. , 

Proof — In the A* DBO and OBE, .because 
ODsOE (Jbeing radii j BO is common to* bothj 
and BD=BE (Cor. Theor. 47.) 

.‘.two A* are identically equal, (Theor. 7) 
so that the Z DBO=the ZOBE. 

That iSj B O bisects the ZABC; or in other , 
wor(k, the centre O lies on the bisector of the 
- zABC. ’ 

Q E.D. ' 

7. Let AB' and AC be two tangents 


a circle -whose centre is .O, Join 

BC and AO cut Uing., One another 

■at D, It is reqd. to^ ^ ^ ® 

ibisects the chord of contact BC at rt. angles- at 

a Join OB,, oc. ' 






6t 


. i r OBsOe ( beiiig radii ) 

“ 3 . OD in cibmmdn to both 
o i ' arid ..the, Z BOD » the L .sDOC' ( Cofo 
Theor..47). . * . : ‘ : 

The two A® are ' identically ■ equal '(Thedr, 4) , 
so that, the Z ODB; = the .Z ODC. The Z® 
ADB and ADC being ' !adjaceiit'.ariglesj each is 
art. angle. , .. . 

Hence OA, bisects the chord BQ atrt. Z? 
at D. ■ " • 

' . Q.E.D. 

' 8., ■ See figttr'e in Ex, 4 — ^J6in PQ; . 

It is reqS. to prove that Z PTQ = 2 the 
ZOPQ. , 

Proof-r-The Z OTQ = the Z OPQ. and 
Z OTP s: Z OQP. (Theor. ,39),. also Z OPQ 
= -Z OQP ( Theor. 5), the Z PTQ = the 
Z OTQ + Z OTP = Z OPQ+ZOQP= 2 Z OPQ. 
- ^ ' - g.-E. D.' 

9. Let two 
AB and CD touch a 
whose ■ centre is 



. parallel tangerits 


the circle AEG 
Ojat A and C. 


Let the third, tangent BD touching the circle 
at E cut the parallel tangents' AB, .Cl),; at 'El arid 
D.- Join OB arid ODi '^ " . ‘ ' ' 

It is xeqd; to prove that the . segment Bt> 
subtends a rt. . angle, at the "centre 6, t. the-. 
Z B.GD is a rt, 0® 
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Proof-r-Since BA and BE are tangents from 
B, Z AOB = Z'BPE CCor. Theor. 47) L e,, 
ZBOE =^|Z AOE. •' ■ . 

, , Similarly^ it can be shown that Z EOD =' 
ZEOC. . ' r. , 

But the Z* AOE and COE. together s 180“ 
Theor. 1 ). 

Z‘ BOE+EOD =|x 180“ = 90“. 
il e. Z BOD is a rt, angle. Hence BD .sub- 
tends a rt, angle a.t the centre O. * „ 

\ . ; . - . Q-e.d.. . 

10. Let AOB A , be the diametar 

of a circle whose Z' centre is. O -and 

let CDbetlietan- [ : o 1 gent to it at B. 

'' It is reqd. to prove that the 

- diameter AB bisects all chords paral- 

lel to th|B, tangent CD.. . f ' . 

Let E^** be any chord parallel to CD cutting 
AB at G. 

Proof — Since OB is perp.to CD (Theor,46 ), 
and EF is parailel to CD ; .’.OB cuts EF at rt.' 
angles(Ex.3, page 41). , 

OG bisects ;*EF- at G ( Conversej 
Theor. 31), ' / . 

Similarly it can be proved that AB . bisects, 
other., chords parallel to CD. 

' ' . . • '-Q.E.D... : 

I < 1 ' ■ . ■ • « , 1' ’ , 

11. Let AB-be a given st, line and E a given 


' MIM 
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es 

pt. in it. It is ' “ required to find 

the locus of "the A — ^ — 5 centres of a!l 
<:ircles . which touch AB at the 

pt. E. Through •• : E, draw CED at 

. D - 

right angles to AB. Then CD is the reqd. locus. 

* — 4. 

Proof — Since the, st. line CED'is perp. to the 
tangent AB at the pt. of contact E, it passes 
through the centres the circles of which AB is 
. a tangent at E. (Cor. 2, Thetor. 46). 

Therefore CD is the reqd-' locus. 

Q. E. D. 

12. Let ABj CD ^ gbe any two para- 
llel St. lines. It is , reqd. to find the 

.locus of the centres ^ j^of all circles touch- 
ing each~of the st. • lines AB,. CD. 

Take any pt.F inc ■ . - 1 — :i-Dthe.St. Tine CD. 

At F draw FE perp. to CD nieeting AB in 
E. Bisect EP at G. - 

‘ , Through G draw -HGK parallel to AB or CD. 
Then HK is the reqd. locus. - , ' ' , 

' - * 

Proof— Since EF is perp. .toCD, it is. also 
perp. to AB ( Ex. 3, page 41). Then a-circle 
described with centre, G radius GE or,'GF 

wiU touch AB; CD at the-pte\ E, F respectivelV 
.(Theor..46)J . 
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‘ . 

Thus it isievident that the centre of a circle 

* < , 

tbachiDg two parallel st. lines is equi-distahtfrom 
them; and HK is locus of each- points.. Hence 

HK is the reqd. locus. 

: 


13. > Let two St; lines AB.j .CP . of , unlimited 
length intersect G- - , at:0. It is reqd* ' 

to find the locus t S. of the centres of 
all circles which touch each of the 

two intersecting lines AB and CD". - 

« I 

The centre of circle which touches two 
intersecting st. lines lies on the bisector of the 
angle between, them (Ex. 6). • , 

' i ' ^ * f 1/ 

/.the locus of the centres of all circles which 
touch each of twoj intersecting st. lines AB , CD' 
is the pair of st. iiries EF^ GH -which bisect the 
angles behveen the two given st. lines. 

‘ i •• 


Q. E. D.' 

l4. Let ABCD'be a quadrilateral circumscribed 

about the - circle 
centre is O; .^d 
the circle at the 
It'is -reqd. 'to 
DC= DA+PB; 



EFG H,. whose 
let the sides touch 
P Pts.EjFjGand'H.’ 
prove that AB+ 


Proof— Since from A tw o' tange hts AE, - 
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are drawn to the circle EFGHj therefore AE=k 
AH (Cor. theor. 47). 

Similarly BEsBF, CG=CF and DG=DH. 

AE + BE + CG + DG = AH + DH + CF ^ 
BF, or (AE+BE) + (CG+DG) = ( AH+DH ) 
(BF + CF), or AB+DC = DA + CB- 

Q. E. D. 

Converse — If the sum of one pair of opposite* 
sides of a quadrilateral be equal to the sum of 
the other pair, then a circle can be inscribed: 
in^it. 

Let ABCD be a quadrilateral in which AB-?* 
DC=DA + CB. It is reqd. to prove that a circle- 
can be inscribed in ABCD, Bisect the Z* DAB 
and ABC by st. AO, BO meeting at O. 

Proof — Since AO, BO are the bisectors of 
thei. ' DAB and ABC, then O is the centre of^ 
the circle which would touch DA, AB and BC. 

If this circle - does not touch the side 
let it touch the side CD' meeting AD, or AD* 
produced at D'. . 

Then AB + CD' = AD'+ CB ( proved 

But by hypothesis AB' + DC = DA + CB. 

Subtracting the latter from 'the former, 
we have CD'— DC=AD'-AD, z, CD'-DC=DD*' 
or CD=DD'+DC which is absurd. (Theor, 11)- 

5 
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Hence the circle also touches the side CD ? 
therefore a circle can be inscribed in the quadri- 
lateral ABCD. ' Q. E. D. 

15. See figure' in Ex, 14.— Let ABCD be a 
quadrilateral described about the circle EFGH 
whose centre is O. Join OA, OBj OC and OD. 

It is'Teqd. to prove that the^“DOCand 
AOB subtended by DC and AB at 0=2 rt.. 
angles . also the Z® DO A and COB subtended 
by AB and BC at O = 2 rt, angles. Join OE, 
OF, OG and OH. 

Proof — Since the Z AOH = the Z AGE 
( Cor. Theor, 47 ), therefore the Z AOE = | 
the L HOE* 

Similarly, the I BOE=f the Z EOF, the Z 
GOC = \ the I FOG and the Z DOG = ^ the 
ZGOH. 

.*.(ZAOE + ZBOE)+ (ZGOC+ ZDOG) 

( Z HOE + Z EOF + Z GOF + Z GOH )j 
or Z AOB + ZDOC=| of 4 rt. Z‘ (Cor. 2, 
Theor. 1) = 2 rt. Z** 

Similarly, it can be proved that the Z® DO A 
+ C0B=2 rt. Z®.- Q. E. D. 

Page 179, 

1. Take a st, line. AB = 2*6". With 
centres A and B and radii = 1*7" and 
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•9" 

l± 


respectively 

-will 



draw two circles, 
be found that 


the«circles touch .externally at a 

point D in AB, such that AB=i-7" and DB=*9 
They touch one another, because, the sum of their 
3:adii=l*7'V9"=i2*6"= the .distance between their 
•centres [Gpr. (t) , Tkeor. 48]. 


From AB cut off ACs'S-". With .centre G and 
■Tadius=*9" draw a circle. It will be found that 
this circle touches the circle, whose, centre 
IS A, internally at the pt. D. This circle' touches 
the circle with centre A, because the difference 
•of their radii =*9" » the distance between 

their centres [Cor. (it), Theor. 48], 

. . . .. Q. E. D, 

2. Construct the-- A ABC such that BC=S 

•cm. AC=7 cm. audAB=6 cin. (Prob. 8). With 
centred A, B and C - andradii=2’5 cm., 

3*5 cm. and 4'5 respectively 
draw three circles c ^ jt ) touching in pairs 

iat the pts. D, E and F, because BC = 8 cm. = 
(3»5+4*5> cm., and AGs7 cm.= (2-5-i-4*5) cm. 
'and AB=6 cm.=(2 5-h3'3> cm. [Cor.(*), Theor. 48]. 

3. Take a st.-hne BCsS cm. At G draw CA. 


perp. to BC mak- 
Join AB. Then 
right angled tri-f 
A and radius=7 

>=cutting AB at D. 



ihg CA = 6 cm. 
ABC is the reqd. 
angle. With centre 
cm. draw a circle. 
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Because AB" = VBCa +'A 02 = -s'ga + c? or 10 
cm., if a circle be drawn with centre B to touch 
the former circle internally and externally, then 
its radius will be 10-7 =3 cm. or 10 + 7 s 17 
cm. respectively. 

4. Take a at. line A 8=2 cm. With centres 
B and A, and radii=3 cm. and 5 cm. respectively 
draw two circles EGD' and ECO". Then these 
circles will touch each other, internally at the 
pt. E. Let P. be the centre of the circle DFC 
which touches the circle EGD' externally at D 
and the circle ECC' internally at C, Join BE, 
AP, BD, DP and PC. Since A and P are the 
centres of the circles ECC' and DFC> ' and C is 
the pt. of contact of these two circles therefore 
the pts. Aj P snd C are. in the same st. line 
( Theor. 48 ), i. e. APC is a 's't. line. Again since 
B and P are the centres of the 

circles EGD' and DFC, and D is 

their pt. of con- \ tact therefore BD 

and DP are in \ the same st. line 

( Theor. 48 ). ' 

AP'rr AC-PC, BP a BD + DP, and PC=DP 
being radii of the same circle. 

•* • AP + BP a AC + BD = sum of the radii of 
<he given circles = constant and = 5 + 3 = 8 cin^ 
in this case.. 
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Similarly if P' be the centre of any other such 

circle, it can be proved that AP' + BP' = 8 cm. 

Q. E. D. 

■ 5. Draw a st. line AB = 4" and bisect it at 
C. Bisect AC at E and CB at F. With centres 
C, E and F and radii = 2", 1" and 1" respectively, 

describe the semi- circles AD B,AHC 

and CKB. Let G be the centre of 

the circles ouching the semi- 

circle ADB in- h c P r. ternally at D and 

the semi-circles AHO and CKB externally at 
the pts. H and K. Join DGj GC, GH, HE, GK 
and KF. 

Since G and C<are the centres of the. circle 
DHK and the- semi-circle ADBj and D is their 
pt. of contact, therefore the pts- D, G, 0 are in ' 
the Same st. line (Theor. 48), i. DGC is a st. 
line. Similarly GH and HE, as well as GK and 
KF, are in the same st. line (Theor. 48), Since 
AC = CB, AE= 2 -AC and CF^i^CB, therefcsre 
EC=CF and hence EH=FK. /;GH+HE=GK+KF,’ 
or GE=GF. 

.'.the A** GEC and GFC are congruent 
(Theor. 7), so that the / GCE =the/GCF} and 
these being adjacent angles, each is a right angle. 

Let -v be the length of the radius of the circle 
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DHK, then GC=DC - DG = (2-^')^ and GF = 
GK+KF=(a>1). 

Now, GF2 = GC2+CF2 or {.v+l)2 = (2-.v)2 
+-12, or x^+fix+l=4-4je+x^+h 
or, 6Ar=4, .*.GD=§". 

Q. E. D. 


6. Letast. line 
PCQ be drawn through p p £ 

C the pt'.of contact of 
two circles whose cen-r 
tres are A and 
cutting the circum- ^ c 

ferences at P and Q respectively. Join AP 
and B Q. 

It is reqd. to prove that AP and BQ are 
paralltl. Join AC and CB. 

Proof —AC and CB are in the same line 
(Theor. 48). 

Since APssAC,, and B.C = BQ . therefore the 
/I APC = the /. AOP, and the Z BCQ=the Z BQC 
(Theor. 5). 

In the case when the two, circles touch each 
other externally theZ AOP=theZBOQ (Theor. 3), 
Therefore the Z APC = the Z BQC and these 
being alternate angles, AP and BQ are parallel 
(Theor. 13). 

In the case when the two circles touch each 
other internally.XhQ Z A CP = the Z BCQ, being 
the same angle. 
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Therefore the int. / ,AF€ s the ext. Z BQC, 
Hence AP and BQ.are parallel ( Tkeor. 13 ). 

Q E. D. 

7. See figure 1. in Ex, 6. — Let two circles 
whose centres are A and B touch externally at 
the pt. G, and through .C the point of contact 
let a St, line PCQ be drawn terminated by the 
circumferences. X,et DPE and FQG be tangents 
to the circles at the pts, P and Q respectively. 

It is reqd. to prove ’ that DE and FG are 
parallel. Join PA,' ACj GB and BQ. 

Proof — Since AP and BQ are parallel (proved 
in Ex. 6), therefore the Z APQ e theZPQB 
(Theor, 14), But the Z* APE and BQF are * 
equal, being rt. Z* ( Theor. 46 ). 

the remaining ZQPE = the remaining 
Z PQF, and these being alternate angles, DE 
and FG are parallel ( Theor, 13 ), 

Q. E. D. 

8. (i) Let 11^® centre of the 

given circle PCQ, xT ^md C a given pt. on 

it. It is reqd. to ^nd the Iccus of the 

centres of all circles which touch the given 
circle PCQ at C. 

Let A be the centre of a circle touching the 
circle PCQ at 0. Join DC, AC. Then D, A and 
C are in one st. line (Theor. 48). 
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That is A lies on CD or CD produced both 
waysj and since G and A are given pis. the line 
SDGF is fixed. .*• A always lies on a fixed line, 
EF, which is, therefore the rcqd. locus. 

' Q. E. D. 


( ii) L^t A be 
given circle ECF, •' | 
be a. It is reqd. 
of the centres of 



A the centre of the 

i * # 

land let its radius 
to find the locus 
all circles of -a 


given radius (suppose b) and touching the given 
circle EGF internally or externally. Let D and 
B be the centres of circles with radius h touching 


the given circle ECF internally and externally at 
any pt. C. Join ACj DC and BC. 


Since the circles with centres D and B touch 
the circle ECF internally and externally at G, 
therefore AG and DC. as well as AC and BC, 
are in one st. line ( Theor. 48 ). Therefore AC, 
DC and BC are in the'sanie st..line. 


Then AD=AC-DC=« — &, and ABs:AC+ CB= 
a+6. Now since a and b are constants, therefore AD 
and AB are also constants 5 .*. the distances of D, 
and B from the fixed pt. A are always constants. 

Hence the reqd; locus consists of the circles 
whose cominon centre is A, and radii equal to 
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ia-b) and {fl+6), as shown by dotted circles in the 
■diagram. 

* ' . Q.E. D. 

i). Let A be - the centre of the 

•given circle ECD /f and B a given 
point. It is reqd. j to describe a circle 

with centre B J touching the given 

•circle ECD. Through i A' and B draw a line cutt- 
ing the circle at D and C. With centre B and radii 
BD and BC draw two circles* then these circles 

r 3 

will touch the given circle ECD externally or 
‘internally (Theor. 48) as the case may be. Thus 
.•there will bs two solutions of this problem. 

Q. E. D. 

10. Let B be the centre of the 

given circle HDK / ^ radius ^ and D 
a given point on it, Vfiny It is reqd. to des- 
cribe a circle of h radius a to touch 

the given circle (cl) HDK at D. Join BD 

and produce it to .^ny pt. C so that 

DC=«. From Db cutoffDA=a. With centres C 
and A and radii DC and DA respectively draw 
two circles. These circles will touch the given 
circle HDK externally and internally at the pt. 

D (Theor. 48). Thus there will be two solutions 
'Of this problem. 


Q. E. D. 
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Page 181. 


1. If the Z FED 
Z BAD=the Z FED 
Eut the Z" EAD 
s=l80®, (Theor. 40). 
/ECD=180“-72‘'=108“ 



=72°, then the- 
° (Theor. 49)=72". 
^^and E CD together 
/ Therefore . the 
^The Z'EEDc= 


^ECD(Theor. 49)=:108“. 

2. Let DA, 
gents to the circle 
external pt. D. f 



DE be two tan- 
AB C irom an 


It is reqd. to prove ,that DA=DB. Take any 
pt. C on the circle ABO on the side of AB op- 
posite to D. Join AC, Bp. 

Proof — The Z DAEsthe Z ACB in the alt. 
segment, also theZDBA=theZ ACB (Theor. 49), 

.’.theZDAB = the Z DBA, and hence- 
DAsDB (Theor. 6). Q. E. D. 

3. TJiropgh ^ ^ ^ 

of contact df A _ ~ A /-r^J/vwA two circles 
AQY and APX I j let any two 

chords APQ \\A^ and AXT 

be drawn ter-B-^T^O Q j^j^^tedby 

circumferences. Join PX and ‘QY. 

It is reqd. to prove that PX .and QY are 
parallel. Draw B AC the common tangent- ta , 
two circles at A. 
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Proof— 5 ( 1 ) For internal contact : — 

TheZBAPstheZPXA in the alt. segment 
of the circle APX, and the-Z3AQ = the/QYA 
-in the alt. segment of theijifclle AQY^Theor. 

the ext, /PXA =i‘the int. ^ QYA, and: 
hence PX and QY are -parallel (Theor. 1 3) , 

(m) For external contact*." — 

The / B AP s the / PXA in the alt. segment 
of the. circle APX, and the ^ CAQ =the Z QYA 
in the .alt. segment of the circle AQY(Theor. 49.), 
But theZBAP=the/-CAQ (Theor. 3; j -therefore 

the Z PXA = the-Z QYA and these being; 
alternate angles^ PX‘ and QY are parallel 
(Theor. 13). ' Q. E. D. 

- 4. Let A and B be the pts, 

of intersection of \ two circles one- 

bf which passes j throiigh O, the.' 

centre of the other. Let. OA be the 

tangent to the first circle, (whose centre is P) at; 
A. Join AB and OA.. ' 

It is reqd to ^rove'’*^ that OA bisects the' 
ZCAB. Join OB. 

Proof~Since' OA=OB being radii, therefore- 
the Z QAB=the.,Z OBA (Theor, 5). But the 
ZCAOsstheZOBA inthe alt, segment ^Theor., 
49). Therefore theZCAO= theZOAB,i. AO 
bisects, the Z CAB, 


Q. E. D. 



76 


Solutions Geometey 


5. Let two circles APB and ABC intersect 

-at A and Bj and through P any pt. 

-on the circle ^ \ APB let the st. 

dines PAG, PBD P ) be drawn to cut 

the circle AB D c ^ at C and D. 

F ® tv 

Through P draw EPF tangent to the circle APB. 
Join CD. 

It is reqd. to prove: that EF and CD are 
jparallsl. Join AB. 

Proof — The Z PAB is supplement of the 
ZB AC (Theor. l)j also the Z' BDC is supple- 
ment of the Z BAC (Theor.. 40). the Z PAB 
-the Z BDC. But the Z FPB=the Z PAB in 
the alt. segment (Theor.’ 49). Therefore the 
Z FPBsthe Z BD(^. These being alternate angles, 
•EF and CD are parallel (Theor. 13). 

Q. E. D. 

6. Eet AB be a tangent to the circle DECK 

^t the pt. C, and from C 1st a chord 

•CD be drawn. // Bisect the '.arcs 
DEC and DHC at the pts. E and H 

respectively. a 

From E and H draw EF and HF perps. to 
the ch.rd CD, and EG and HK perps. to the 
tangent AB. 

It is reqd. to prove that EG=EF and HK=HF. 

■ Join EC, ED, HD and HC. 

Proof— Since the arc ED = the arc EC (by 
‘Construction), therefore the chord ED = . the 
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chord EC (Theor. 45). Hence the/EDC=the: 
Z ECD (Theor; 5). But the Z GCEstheZEDG 
in the alt. segment (Theor. 49). Therefore tha- 
ZGCE = theZECD. 

Now, in the A" EGG and EFC, 

( the Z EGG = theZEGF, (proved)^ 
because < theZEGG=theZEFC, being rt. angles^ 

I and EG is common to both. 

two A* are identically equal (Theor. 17),, 
so that EGsEF. Similarly it can be proved that. 
HF=HK. ' ^ 

Q. E. D. 

ON THE METHOD' OF LIMITS. . 
Page 181. 


2. Let DEC i 
its diameter *, let ( 
prep, to DC at one e' 

A- 


be the circle and DC 

i J ^9^ drawn 
---/p of its extremities C.. 


It is reqd. to prove* that AB is tangent to the* 
circle at the pt. C. Draw any chord EF parallel* 
to AB cutting DC at G. 

Proof-SinceEF.ispsffailel to AB, then DG 
is perp. to EF. Therefore EF is bisected at G. 
Converse, Theor. 31), and this is true however- 
closer G approaches to C, 

If the pt. G moves up to and coincides with? 
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C, then since EG always=GF, the pts. E and F 
Will coincide with the' pt. 0, dnd then the chord 
■coincides with AGB, and cut the circle at one 
point only. 

Hence, ultimately the st. line AB is a tangent 
-at C. 


Q. E. D._ 


3. Let two circles whose centers are 

‘O and P intersects each other at A 

-and B. Join AB. \S 

B 


It is reqd. to prove that when the two circles 
"touch one another the centres and .the point of 
.^contact are in one sti line. 

Proof — OP the line, of centres, bisects the 
►common chord AB at fight ‘'^ngles at C (given) 
i. passes through C the mid. pt. of AB. This 
d8 true however near A and fi approach to each 
other. 

If A and B come very close to one another 
'and ultimately coincide, then since AC always = 
CB, the pt. C will also coincide with A and B, 
and the circles will touch each other at the pt. C. 

Hence, ultimately the st. line which joins the 
centres of two circles touching each other, passes 
sthrough the pt. of contact. 


Q. E. D. 
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- 4.Let'ABCD^ ‘ o be acyclic quadd- 
lateral, ’ and let ‘ 

produced 4:o any f/ 

>ext. Z ADE = o'pp. int. Z ABC 

^Ex. 5,' psfge 163). * ^ 

It is reqd. to deduce Theorem 49 from the 
abovtf data, ‘ 

Proof— The Z ADE & Z ABC (given). 
This is true howeDer n'ear D approaches to €• ' 

If' D moves up to and coincides with C, the 
chord AD will ultimately become the chord AC, 
the line CDE will become the tangent CE'; and 
theZADE will become the Z ACE'. 

Hence, ultimately the Z ACE' = the Z ABC 
in the alt. segment, 

- - Q. E. D. 


5. Let CAB be 
Its diameter. Take 
circumference . of 
- AO and BC. Then 
(Theor. 41). It is 



a circle' and AB 
aUy'pt. C on the 
B the .. circle. Join 
ACB.is a rt. angle 
reqd. to prove 


that the tangent at any'pX. of the circle is perp. 
to the radius drawn to the pt. of contact. 

Proof — the ' Z ACB is a rt. angle ( given )'. 


This is true however near'G approaches to A. 
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If C - moves up to coincide with A, . the- 
chord BC will become ' the diameter BA, the- 
chord CA will become the tangent AP, and the 
Z BOA will become theZBAP.-/, Z BAP -is- 
a rt. angle. ■ - . 

Hence the tangent PAQ at the pt. A of the 
circle ABC is perp. to the - diameter BA (smd 
therefore to the radius OA) drawn to the pt. of 

contact. Q. E. D. 

, - Page 187. 

1. There can be drawnt— 

(0 Two direct common tangents and no 
transverse when the given circles intersect. 
<fi)Three common tangents-fa/o direct and a third, 
at the point of co»^a«^— when the circles have 
external contact. 

{Hi) One Common tangents-;— at the point of 
contact— when the circles have internal contact. 

(i) Draw a st; line OP = l".with 

centres O and P, andradii=:l*4"and 

V' ‘ respectively draw to circles. 

The circle inter- sect one another 

at two points. 

Upon OP as diameter describe the circle 
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AOAP. With centre O and radiussthe differ- 
ence of two given radii draw 

arcs cutting the circle AOA*P at the pts. A and 
A'. Join OA and OA' and produce them to meet 
the circumference of the larger circle at B and B'. 
From P draw the radii PC parallel to OB and 
PC' parallel to OB'. Join BC and B'C' and 
these are the two diyect common tangents. 

There will be no transverse common tan- 
gents, for P.will lie within the circle of cons- 
truction for transverse tangents. 

{ii) Draw a line pP=2*4." 

With centres O ^ ^itd P. and radii=: 

1*4" and 1" res- 

.two circles GG'g p HBH'. 

The circles, touch each other externally at^ the 
pt, B. [Cor. (f), Theor. 48]- 

Upon OP as diameter describe the circle 
CODP. With centre O and radius=the differ- 
ence of two given radii (1'4" — r')=:*4" clraw 
arcs cutting the circle CODP at A and A'. 

Join OA and OA' & produce them to meet 
the circle GG'B at G and G' . Draw the radii 
PH parallel to OG and PH parallel to OG'. . 
Join GH, G'H'. Then GH, GH' are the two 
dire&t common tangents. Draw EBF perp. to 
OP at B. Then EF is a transverse common tan- 
gent to the given circle at Bj their pt. of contact 
for P is on the circle of construction for trans- 
verse tangents. 


6 
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(til) Draw a St line PO=:4" With centres OautlP^, 
and radiis:l*4" and n 1" respectively draw 


two circles touching 
A [Cor. <«f), Theor ^ 



internally at the pt. 
48]. Join PA. Thenii 


AP and PO are in one st. line (Theo, 48). 


Through A draw BAG perp. to AO. Then BC- 
is the direct Common tnngent to the given circle* 
at A their pt. of contact. Since P is on the circle- 
of construction, there are no transverse common, 
tangents. 

(iv) Draw a st. line PO. 

«3". With centres ^ and-- 

radii.=l*4" and f o'vsj^^^w ^ ' respectively 
draw two circles BE'EB' and 

v; f.1 

AA'C'C. The circles neither cut nor touch each" 
other. 


Upon OP as diameter describe the circle- 
DPD'O. With centre O and radius s= the- 
difference of two given radii (1*4''' — 1"), or •4''' 
draw arcs cutting the circle DPD'O at G and 
G'. Join OG and OG' and produce them to- 
meet the circle BH/EB at B and B'. Draw the- 
radii PA parallel to OB. and PA', parallel to* 
OB. Join AB, A'B'. Then AB- and-.A'B' are: 
the two direct common tangents> 
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With centre O and-radius=the sum o£ two' 
given radii (1.4'' + 1") or 2*4" draw arcs- 
cutting the circle DPD'O at D and D'» Join OD' 
and OD' cutting the circles ;B EE' B atE' and E 
respectively. Draw- the radii PC parallel to OD' 
and PC' parallel to OD on opp. sides of OP. Join. 
CE and D'E. Then CE and C'E' are two trans- 
verse common tangents. In this case there are- 
four common tangents. 

2. See figure tn Ex, (t)— Draw a st, line* 
OP = 2," With centres O and P and radii =2^' 
and *8" respectively draw two circles. The circles 
intersect each' other at two points. 

Draw the common tangent, as in Ex, 1, (t)^ 
In this case, OA or OA' = ( 2" - 'S" ) s 1'2". 

BCsPArv/" dP2-0 A^s v^22-1-22=\/^2^s 1.6" 
Also B'C' =1’6". Measure BG and B'C' and it 
will be found that each of them = 16". 

3. See figure in Ex, 1, (li)*— Draw a st.. 
line OP = 1-8", With centres O and P, and 
radii = 1-2" and *6" respectively draw two circles. 
The circles touch each other externally at the pt.. 
B. [Cor. (i), Theo: 483- 

Draw the common tangents, as in Ex. 1, (j). 
In this case OA or O' A' =( 1.2"-*6" ) = -6" 
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GH=AP=^/OP2 OA2=v/'l-82— 
sl*7" nearly. Also, G'H's 1*7" nearly. 

Measure GH, G'H' and' it will be found that 
«ach of them es 1*7". 

line OP = 21". 
and d) and radii 
pectively draw 

two circles EBB'F and CEFC, cutting one 
another at E and F. 

Upon OP as diameter describle a circle. 
With centre P and radius = the difference of the 
given radii (l*7''— l^')s:‘7'' draw arcs cutting the 
circle (with diameter OP) at H and H'. Join PH, 
Pfl' and produce them to meet the circle CEFC' 
at C and C'. Draw the radii OB parallel to PO 
and OB' parallel to PC'. 

• Join BC, B'C'. Then BC, B'C' are the two 
direct common tangents. 

BC= OWOP'—HP^ = V' 

=1'98" nearly. Also B'C'=:1*98" nearl 3 ^ Measure 
BC, B'C', and it will be found that each of them 
.=1-98". 

Join EF cutting OP at A, Let OA .= x, then 
AP=OP- OA = 2-1 -X. But OE2 - OA^ 


4. Draw a si. 
With centres P 
= 1*7" and 1" res- 
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=AE2=EP2 - AP2,or 12 -(2.1-Ar)^ 

or 3 • 2 = 2 • 52. 




But EF=20A= 2 X *8 = 1.6". Measure EF 
and it will be found s 1 • 6". 

Produce EF both ways to meet BC, B'C at 
D and D' respectively. Measure BD,‘ DCj B'D', 
and D'CS and it will be found that B D= DC, 
B'D' = D'C'. Hence DD' bisects the common 
tangents BC, BX'. 

5, ' See figure hi Ex. 1, (?y)..^Draw a st- 
line OP = 3''', With centres O and P and radii 
= 1 • and • 8''^ draw two circles. The circles 
neither cut nor touch each other. 

Draw all the common tangents, as in Es:. 
1, {iv). In this case OG or OG' = (1.6"~.S") 
= •8" and OD or OD' = (1.6" + .8") = 2.4". 

6. Take a st, line OP of any length. With 
centres O and P and radii of equal lengths draw 
two equal circles. Through O and P draw- 

diameters of these 
to OP. Join ABj. 
are the two reqd» 


AOOj and BPD A 
circles, each perp. (C 
CD, Then AB, CD' 

G 



Q 

■> 

PJ 

D 


direct covuHou tangents. 

7 . See figure - ill Ex.\^ is reqd, to 

direct common tangents 
IdC, B C are equal. Jqin AQ, A'P. 
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. Proof .—Since OA OA", OP is common, 
^nd Z® OAP and OA^P are rt. anglesj -the two 
A® OAP and OA'P are equal (Theor. 18), so 
Ihat AP=A'P. But AP = BC, and A'P = B'C/. 
BC=BX'. 

See figure in Ex. I, (or) -It isreqd. to prove 
.that the two transverse commpn tangents CE 
.and C'E' are equal. Join PD, PD'. 

Proof.— Since the Z PDO is a rt. angle 
^ -Theor. 41) and the Z C'E'O is a, rt. 
angle ( Theor. 46 ), therefore the Z C'E'O = 
the,/ PDO. Hence PD, are parallel 

( Theor. 13 ). But PC' is parallel to OD ( by 
■construction); therefore, the figure DPC'E', 
is a parallelogram,, therefore PD s C'E' ( Theor. 
'21 ). Similarly, PDf = CE 

But PD = VP0’^-D02, PD'=n' P02 -D'OV 
.and DO = D'O (by construction) PD, = PD', 
/.C'E' = CE. • 

Q. E. D. 

.See figure in Ex. ,1, (i). — Produce BC, B'C' 
to meet at D. .Join OD,‘ PD. It is requiied to- 
iprove that OD and-.'PD are in the same st. 
'line. 

Proof.— The A® BOD and B'OD are identical- 
ly equal (Theor. 18), , because. OBsQB', OD 
is common to both' and. . the. Z OBD' the 
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^OB'D being rt, angles (Theor. 46), so that 
•the ZBDO=the ZB; DO. That is, OD bisects 
iheZ'BDB^ ' : • 

Similarly it can be proved that PD bisects 
the same angle. Therefore OD and PD axe in 
the same st. line. 

Se& figure in Ex. I, (iv). — Tet CE, in- 

tersect at K. Join PK andTSO. It is reqd. to 
prove that PK and KO are in the same st. line. 

Proof. — The A* PCK. and FC'K are iden- 
tically equal ( Theor.' 18 ), because PC=PC', 
PK is common to both, and the Z'PCK = the 
^PCK, being rt. angles ( Theor, 46 ). so that 
the Z PKG = theZ PKC = ^ Z GKC\ Similarly 
it can be proved that the Z EKO' = the 
ZE'KO= i Z EKE^ But the Z CKC = the 
ZEKE'; Iherefore theZ' PKC, PKC, EKO 
•and E'KO are all equal. 

Now the Z^ PKO + PKC' + CKE' = 2 rt. 

Z® (Theor. 1-). 

/. the* Z® PKG + CKE + KKO = 2 rt. Z % 
Hence PK and KO are in* the same st. line 
^Theor. 2). ' 

Q. E. D, 

9. Let two.. given circLs have external con- 
tact at Aj and let PQ be a direct common tangent ' 
-drawn to touch the circle's at P and Q. Join AP, 
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AQ. It is reqd. prove ihat, 

ZPAQ is a rt. (9 ). angle. Let the com- 
mon tangent to v the two circles 

at A. 'meet PQ in B. 

Proof. — Since AB and BP are two tangents 
from B, therefore BA = PB (Cor. Theor. 47). 
Therefore the ZBAP=the ZBPA, Similarly BA 
=BQ} therefore the, Z BAQ=theZ BQ A. 

ZBAP+ ZBAQ=: ZBPA+ ZBQA, or 

zpaq=zbpa+zbqa. 

.‘.the ZPAQ is a rt. angle (Inference 4, 
Theor. 16). f 

On Loci. Foot of Page 188. 

(i) See figure in Ex. 4, page 147. 

I 

The locus cf the centres of the circles which 
pass through two given points is a straight line , 
bisecting the line joining the two given points at 
right angles. 

(it See figure in Ex. 11, page 177. 

The locus of the centres of circles which 
touch a given straight line" at a given point is a 
straight line perpendicular to the given straight 
line at the given point. 

(«0 Sec figure in Ex. (i), page 179. 

The locus of the centres of circles which touch 
a given circle at a given point is the straight . 
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line passing through the centre of Ihe given.. 
circle and the given point. 

{iv) See figure in Ex. 12, page 177. 

The locus of the centres of circles which 
touch a given circle - and have a given-- 
radius is the tv/d straight lines parallel to the. 
given straight line on either side of it at and a. 
distance equal -to the given radius from it. 
iv.) See Jigure in Ex. S. Oi), page 179, 

The locus of the centres of circles which- 
touch a given circle and have a given radius is* 
one or other of two concentric circles whose, 
radii are equal to the sum and difference of the 
two radii respectively. 

ivt)See fiyure inExs.l2 and IS, page 177^ 
The locus, of the centres of circles which. 

touch two given straight lines is a pair of; 
straight lines bisecting tne ^ ' between the tw'o- 
given straight lines. 

If the given straight lines are parajlel, th& 
locus is the straight line parallel to the given* 

' straight lines and midway between them'. 

Page 189. 

1. Let A, B, C be any three given 

pts. It is reqd. to . draw a circle to.- 

pass through A, B,C. JoinAB, BC. 
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- - The centre of a circle passing through the 
pts. Aj B lies on the st. line GD bisecting AB 
lat rt. Z' [Note (i), page -188]. 

The centre of a circle passing through the pts. 
B, C lies on the st- line FE bisecting BC atrt. 
iZ®[Note (i), page 188]. 

The pt. O where the st. line GD, FE in- 
tersect satisfies both the conditions and is there- 
fore the rcqd. centre. With centre O and 
iradius OA draw the circle which will also pags 
through B and C. 

2. Let A be any pt. . on the st. 

line PQ and B A \ any other pt. 
outside it. It is ( j raqd. to draw a circle 
to touch PQ at y A and pass through 
the given pt. B. ^ ^ ** Join BA. 

If a. circle touches the st. line PQ at A, its 
centre lies on the st. EA prep, to PQ at A 
Ij^Note (ti), page 188]. 

If a circle passes through two gi\fen .pts. A 
and B, its centre lies cn-the st. line DC bisecting 
AB at rt. Z® [Note fi), page 188].- 

.’.The pt. O where the st. lines EA, DC in- • 

tersect satisfies both the conditions, and is 
therefore the reqd. centre. With centre o and 

aradius OA draw the circle which will touch the 
st. line PQ at A and pass. through B.' 

g.E.D. 
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3. Let C be the centre of- the given circle 
and A any pt. on it. .Let,B any other pt. 

outside the circle. It is reqd. to draw 

a circle to touch ^ Ilil® circle at A 

and to pass through B. Join 

<3A and; produce it to any pt. F. Join AB. 

If a circle touches the given circle with centre 
C at the pt. A, its centre lies on the st. line 
through OA (Note (iii), page 188). 

If a circle passes through B and A, its centre 
" lies on the st. line ED bisecting BA at rt. Z“ 
JNote (i) Page 188]. 

The pt. O where the st. lines CF and ED 
intersect satisfies both the conditions, and is 
therefore the reqd. centre. With, centre O and 
radius OA draw the circle which will touch the 
circle with centre C at A and pass thi’ough B. 

4. Let P be a pt. at a dis- 
tance of 4*5 cm., froma given st. 

-line AB. It is reqd.to draw two 

circles of radius Z 3-2 cm. to pass 

through P and " to touch AB. 

Locus of the centres of circles of radius 3 • 2 

N 

cm. which touch the given st* line AB is a st. 
line EF parallel to AB situ'ated at a distance of 
3-2 cm. from it [Note-<iv), Page 188], 
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Locus of the centres of circles of radius 3.2' 
cm. which pass through P is a circle CGD, with 
centre P and radmss3.2 cm. Let these two loci 
intersect at C and D, • ‘ 

Then C and D satisfy both the conditions^ 
and are therefore the reqd. centres. With centres 
C and D and radius = 3*2 cms. draw to circles 


which will pass through 
HandK. 

5. Draw a 
6 cm. With 
and radii=3 
respectively 5 
cles.It is reqd. 0 
cb of radius 
touch each of 
circles exter- 

Locus of centre of a 



P and touch AB at 

St. line ABs 
centres A,B 
cm, and 2 cm. 
draw two cir- 
0 to draw a cir- 
3 • 5 cm. to 
the given 
nally. 

circle of radius 3*5 


cm. touching the given circles of radius 3 cm. 
externally is a circle whose centre is A and 
radius = (3+3‘5) *6.5 cm. [Not8(t>), page 188], 
Locus of the centre of a circle of radius 8*5 
cm. touching the given circle of radius 3 cm. 
externally is a circle whose centre is B and 
radiuss(2+3.5) =5*5 cm. [Note (»), page 188], 


With centres A and B andradiis6.5 cms<. 
and 5 ’5 cm. respectively draw arcs on either side 
•£ AB cutting at C and D. 
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Then .C and D are the reqd; centres. With 
centres C and D, and radius = 3*5 cm. draw two 
circles. These circles will touch the two given 
circles at G, H, M and L. Thus there are two 
solutions of this problem. 

The centre N of the smallest circle, which 
touches the given circles with centres A and B, 
externally, lies on AB .midway .between the pts. 
B and F where the given circles cut AB. 

EF = AB-AE-FB=3-2 s 1 cm. There- 
fore EN the radius of the smallest circle=|DEF 
«:‘*o cms. 


6 . 

raqd. 

1 . 2 "' 


Make the 
to describe 
to touch the 



ZA0B=76". It is 
a circle of radius 
lines OA, OB - 


If a circle touches the two st« lines OA,OB its 


centre lies on OF, the bisector of the Zi AOB.[Note 
(iv), page 188]. 


Locus of the centre of a cirde of radius 1 * 2" 


and touching the st. line OB is a st. line BE 
parallel to.OB at adistance of 1*2'" from it. [Note 
(vi), page 188]. 

The pt. C where the st. lines FO. DE in- 
tersect is the reqd. centre. With centre C and 
radms=l*2'" draw a circle which will touch OA, 
OB at G and H respectively. 
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7. Let O be centre of a 

.given circle of- .7'/'’'7S.\ radius 3r.5 cm* 

at a distance- of,- 5 cm. from a 

given St. line AB. Itisreqd. 

to draw two .*rrK;^§frSr5» circles of radi- 
us 2*5 cm. to ' ' touch the-given- 

circle and-the given- st. line AB. 

Locus of centres of circles'- of radius 2 • 5 cm. 
touching the given St., .line- AB is a st. line -EF 
parallel to a AB at a distance of 2 • 5 cm. ,from> 
it [Note (to), page 188]. 

Locus of centres of circles of radius 3-5. cm, 
touching the given circle with centre O is one 
or other of two circles whose common centre is- 
O and radius = (3*5-f2*5) or 6 cm. and (3 • 5-2 -S )■ 
or 1 cm. respectively. - [Note (vi-)> page 188]* 
The first circle KGDLcctfesEF at C and D; but 
the other does not. Then C and D are the 
reqd, centres. With centres C and D and radius 
=2*5 cm. draw two circles which will touch- 

the given circle at M and N and .the given st. line 
AB at G and H, 

8. Let AB, CD be any two parallel st. lines, 
and EF any transversal cutting AB, CD at E and. 

F respectively. It ^ ^ ^ p is-reqd. to draw a' 

circle to touch AB, CD andEF. 

Locus of the centres of circles touching EF , 
and CD is one or other of- the st. lines FO andBP 
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bisecting the Z " EFC, EFD respectively [Note- 
(vi), page 188]. 

Locus o£ the centres of circles touching FE 
and AB, is one or other of- the sL lines EO and EP; 
bisecting theZ* AEF, FEB. respectively [ Note- 
(»/)j page 188], 

Hence O where FO, EO meet, and P where* 
FP, ER meet are the reqd^ centres. Since- 
the circle touch AB and CD, their centres* arb^ 
equidistant from AB and CD. Hence their 
radii are each = haU the petp. distance between. 
AB and CD. Draw the reqd. circles* 

These circle are equal, because their -radii 
are equal. 

9. Let EMH s he a given, cir2^ 

clewh ose centre /"TyX I is D, and Ca 

given pt, in a given -st. line 

AB. It is reqd., j to draw a cir- 
cle to touch the given circle- 

EMH, and the st. line AB at C. 

Construciion— At C draw CK perp.- to AB,, 
then the centre of the reqd. circle lies on CK 
[Nots^fi), page 188], .From D the- centre of’ 
the circle EMH draw DG perp. to AB cutting, 
the circle at F . Pro luce GD -to meet the circle: 
again at E. Join EC cutting the circle at 
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‘Join DH and produce it to meet CK at K. Then 
K is the centre of the i-eqd. circle. 

Proof.— Since EG and ICC are both perp. to 
'AB» therefore they are parallel (Ex. 2, page 41), 

.’.the Z DEH = the alt, / HCK ( Theor. 

14 ). Again since DE = DH, therefore the 
.Z DEH = the Z DHE (Theor. 5). 

.’.the Z HCK = theZ DHE = the vertically 
-opp. Z KHC. s 

.*.KH = KC. Draw a circle with centre K 
and radius KH. Then this circle will touch the 
•given circle EMH at H and the given st. line 
AB at the given pt. C. 

Another circle can be drawn to satisfy the 
given conditions. Join CF and produce it to 
meet the circle at M. Join DM. Produce MD 
^to meet CK at L. Then L is the cenTre of the 
reqd. circle. 

Since DN = DF, the Z DAIF = tlie Z DFM 
■(Theor. 5 ) = the vertically opp. ZGFC (Theor. 
3 ) = the alt. Z FCK , Therefore EM = LG. 

With c’ntre L and radius LM draw a circle 
this circle will touch the given circle at M and 
;the given line , 

be a given st. 
given pt, on a 
, whose centre 
to draw a circl e 


10. Let AB 
line and G a 
•given circle 
is O. It is reqd. 
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to touch AB, and also the given circle at G. 
Join OG. At G draAv GD perp. to OG, meeting 
AB in D. Tlien GD will be. the common tangent 
to the given circle and the reqd. one. 

Centre of the reqd. circle touching the given 
circle at G lies on the st. line through O and G. 
£Note («), page 188]. 

Again the centre of the reqd. circle which 

touches the st. lines GD, AB lies on one or other 
of the st. lines DP and DQ the bisectors of / 
GDB and GDA respectively. [N6te(wi), page 188]. 

/.The pts. P and Q where OG produced both 
ways mejat DP, DQ are the reqd, -centres. With 
centres P and Q and Vadii PG and QG respectivelyj 
draw two circles which touch the given circle 
at G..and the given st. line AP at F and E. ' 



7 
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11. Let AB, BG, CA be three given st; 
lines of which no ’ two are parallel. It is re'qd» 
to draw circles to touch each of these given 
St. lines. 

(1) Locus of centres of circles touching the 
St. lines AB and BC is .one or other of the st. 
lines Big 5 Ij, BI 3 the bisectors of the angles 
between AB and B.C [Note {vi) page 188]. - 

(2) Locus of centres of circles touching’ the ' 

st. lines- BCj CA is one or other of the st. lines 
CI3, IgGli the bisectors of the angles between- 
BC and CA (Note, (vi}, page 188). . ’ 

Let BI3, OI3 meet at ; CIj, BIj at Ij; BI 2 , 
Clg, at Ig ; and Bi 2 ; CI 3 all. thepts. I, Ij, Ig, 
and 1 3 satisfy both the conditions; they are 
the centres of of the reqd. circles. With centres 
I, L, L, and 1 3 draw the circles as in the diagram. 

Thus there are four circles to touch each of 
the three given st. lines AB,,BC, CA. 

• Page 191. 


1. Let BC be' 

G the giveii 
the given st. line. ^ 
describe a trian- v 



the given base, 
angle and EF 
It is reqd. to 
gle upon BC, 


having its vertical angle = /G and vertex on the 


line EF. 
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Upon BC describe a segment BADC contain- 
ing atf angle=tlie Z G (Prob. 24). Then the- 
vertex of the reqd. triangle lies oh the arc ABDC. 

Also the vertex lies on the st. line EF. 


Thereforcj the pts. A and D where the segment 
BADC cuts the* st. line EF represent the vettices 
of the reqd. triangle. JoinAB, AC, DB, DC, 
Then ABC and DBG are the two reqd. triangles.. 

2. Let BC be the given base acid G the 
given vertic^ angle. CJpon BC describe a*- 
Segment BAC containing an angle = the givert 
ZG fProb. 24), Then the vertex of the^ 
triangle whose ‘base is BC and the vertical angle 
=Z G lies on the arc BAC. 

( i ) Let EF denote the length 

of one of the sides of the* 

triangle. With centre B and: 

radius = EF draw an arc. Then the* 

vertex of the reqd. triangle lies- on this afc- 
Therefore the pt. A where this arc cuts, the? 
arc BAC is the reqd. vertex. Join AB, AC.. 
Then ABC is the reqd. triangle. 


(«*) Let EF 
gth of the alti- 
draw BD perp, 
BD = EF.- From 
parallel to BC. 



denote the len- 
tiide. ■ At B' 
to BC, making, 
D draw DA' 
Then the vertex 



Solutions Geometry 


100 

I 

of the reqd. triangle also lies on the line DA A'. 
Therefore the pts. A, A' Where DA A' cuts the arc,- 
BAG are the reqd. vertices. Join AB, AO, A'B, 

A'C. Then ABO, A'BO, are the^reqd. triangles. 

* » ^ 

(w) Let EF ■ denote the 

length of the /IvCm 7' median which 
bisects BC. Bisect BO 

at D. With '‘p centre D and 

radius = EF draw an arc. Then 

the vertex«of the reqd triangle also lies on this 
arc. Therefore the pts. A, A' where this arc 
cuts the arc BAO are the reqd. vertices. Join 
AB, AC, A'B, A'C. Then ABC, A'BC are the 
reqd. triangles. 

A 

{j,v) Let D 

the psrp, from ( / .nj ^ the vertex to 
the base BC At D draw DA 

perp. to BC. ' Then the vertex 

of the reqd. triangle also lies on the st. line DA. 
Therefore the pt. A where DA meets- the arc 
BAC is the reqd. vertex. Join BA, AC. Then 
ABC is the reqd. triangle. ' 

3. Construct / the triangle 

as given in the Text Book. 

Proof.— Since the arc APsthe arc PB (by 
construction), therefore the Z ACP = the Z PCB > 
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(Theor. 43 ). Hence the st. line CP is the 
bisector of the vertical / A CD which is equal 
to the ^iven / K. Therefore ABC is the reqd. 
triangle. 

4. Cons- ‘ 

angle as/ ‘ ^ in ' the 

Text Ik f Book. Join BX. 

’ 

Proof. — Since the / ACB = the / K, the 
ZBXC= I Z K, and Z ACB = ZBXC + 
ZXBC (Theor. 16), therefore Z XBC^ZACB- 
ZBXCr ZK-iZK=^ ZK=theZBXC5 .-.CXsr 
CB (Theor .6). AC 4- CB « AC + CX = AX =H. 
Therefore ABC is the reqd. triangle. AY cuts 
the smaller Segment at C'. Join AC', BC' and 
BY. Then it can be proved that ABC' is another 
such triangle. 

5. Let BC be a the given base, 

E the given //\^\ angle and the 
line F equal ) to the difference 

of the remaining sides. 

Construction. — On BC describe ■ a seg- 
ment BAG containing an angle equat 

to E, also another segment BOC containing an 
angle=Z90”+ J E (Prob*24)'. With centre C and 

radiuSsF draw an arc cutting the arc BOC at D. 
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Join CD and produce it to meet the arc B AC at 
A. Join AB . Then ABC is the reqd. triangle.- 
Proof.— The L ADB=:180'’— Z B DC = 180 — 
<90“ + |E)=90"— |E. 

The Z BDC = Z BAD + Z 'ABD, 
<Theor . 16 )j therefore the Z ABD = Z BDC — 
ZBAD = (90“ + f E)— E = 90“— ^-E. There- 
fore theZ ADB = the Z ABD-an^i hence AD .= 
AB (Theor. 6). AC - AB=AC-AD = DC=F. 
ABC is the reqd. A. 

Page 198. 

1* With any v Pt, O. as centre 
and radius=5 cm. ^ circle, 

At any pt, Aon 

a tangent GAHj ^4D^-.A(Prob. 22). At A 
make theZ^G AB HAC'each =80“, 

4hj arms AB, AC^ • “^meeting the cir- 

cle at B and C. Join BC. Then" ABC is the reqd. 
inscribed equilateral trianngle. 

The ZGAB = Z ABC in the alt. segment 
(Theor. 49)=60“ and the Z HAC = Z ABC in 
the alt. segment. (Theor.’ 49} = 60“. But the 
Z* GAB, B AC and CAH = 180“ ^Theor • 1). 

Therefore the Z BAC also=60“. Hence the 
A ABC is equiangular and consequently equila- 
teral (Cor . Theor. 6). 

. Draw any radius OQ. At O make the Z * 
QOP, QOR each = 120“. At Q, P, R draw EF, 
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DE and DIT tangents to the circle meeting one 
another at D,E and F. Then DEF is the reqd. 
circumscribed triangle. 

Since the POQ, QOR, POR=360“ {Cor. 
3, Theor. 1), therefore the / POR=360°— 2^0“= 
120“. Since the /"OPD, ORO are rt. angles 
(Theor. 46), therefore the pts. D,P, O, R are 
concyclic (Converse Theor. 40). Therefore the 
Z** PDR, POR=180‘’ (Theor. 40), Therefore 
the Z PDR = 180“ — 120“ = 60“. Similarly it can 
be shown that the angles P E Q, R F Q each 
equal to 60“ . Hence Zs^DEF is equiangular, and 
consequently equilateral (cor. Theor. 6). 

2, Draw a st. 

Witfaeentres B and 
8 cm. draw two 
one another at 
AC. Then ABC 
equilateral 

Bisect the Z ' B AC, ACB by the st. lines 
AK, CH catting one another at O. Then O is 
the centre of- the inscribed circle (Prob. 26). 
Let AK, CH meet BC, AB at K and H, 

AK bisects BC at rt. angle and CH 
bisects AB atrt. angles (Ex. i. page 19). 

And AK and CH cut one another at O. 
T erefore O is also the the" centre of the circums- 
cribed circle (Prob. 25). 



line BC=:8 cm. 
C and radius 
arcs cutting 
A, Join ABj 
is the reqd. 
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Produce AB, AC to F and G. Bisect the/® 
CBF, BCG by the st- lines BP and CP meet- 
ing each other at P. Then P is the centre of the 
escribed circle (Prob. 27). 

Join PK. The Z FBC = 120'’ = / BCG. 
Therefore their halves are equal, so that Z'PBC 
=Z POB=60'’, hence PB=PO (Theor. 6). TheA* 
BKP, PKC are identically equal (Theor. 7), 
because PB^PCj BKsKC (proved) and PK is 
common to both, so that the Z BKP = the 
Z PKC and these being adjacent angles, each is 
a rt. Z . But the Z BK A is also a rt. Z . There- 
fore AK and KP are in one st. line. 

• The A* BAK and BPK are congruent, 
because ZBKAsBKP being rt* angles, Z ABK 
s=ZPBK beings 60",' and BK is common to both 

(Theor. 17 Therefore AKs KP. Since AK is 
the median of the A ABC, OK = ^ AK, AO = f 

AK (Cor. Proposition III, Page 97). 

AO=2 OK, and KP = 3 OK. Hence the' 
circum-radius OA and ex*mdius PK are respecti- 
vely double and treble of the inradius OK. 

AK = ^AC2— KC2 = - 42 = W = 6*9 cm. 

nearly. 

OK = J X 6 9 = 2'3 cm. .’.OA = 4*6 cm. 
and PK=6-9 cm. 

Measure them and it will be found that OK= 
2*3 cm, 0A=:4’6 cm. and PKes6'9 ciri. 
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3 {i)m Draw a St. line BC = 2*5" . At B, C‘ 
make the £ CBA , BCA = 66° and 50° respecti-- 
vely, the arms BA, CA meeting at A, Then. 
ABO is the reqd. triangle. 

Bisect BC, AC at E and D. At E,D 

drawperps.EOjDO ^ (f meeting each other 
at O. With centre O and radius OB 

draw a circle which will pass through 0 and A 
aiso(Prob. 25). Measure OB and it will be 
found to be = 1.39'^ 

(n) Draw the A A' BC making / B =72°, 
Z C = 44°, 

(iii) Also draw the'A A'' BO making Z B 
= 41°, Z G = 23° but on the other side of AC. 
Circumscribe a circle in each case and measure 
the radius which will be found to be 1 • 39" in 

each case. The vertical Z A = 180° -( B+C ), 

(Theor, 16 ) = 180° - (66°+ 55°) = 59° in 
case {i). 

Z A' = 180° - (72° + 64°) in case {n) , ' 

Z A' = 180° - ( 41° + 23° ) = 116° in. 
case (iii), ' 

Because the base BC is of same length 
m nil the cases, and the vertical Z A in case- 
(i) = the vertical A in case ( ii ) = the supple- 
ment angle of the vertical Z A' in case (iii)j 
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“therefore they lie on the Same circle (Theors. 
-Sg and 40 converses). Hence their circum-radii 
-•are equal. 

4. See figure in Ex. l.-r With any pt. O as 
•centre and radius = 4 cm, describe a circle. 
Inscribe and cir-cumscribe equilateral A* ABC, 
DEF in and about this circle, as in Ex. 1. Draw 
AK perp, to BC. The A’ ABK,ACK are congru- 
ent, because AB = AC, AO is common to both, 
and the Z AKB = the Z AKC being rt. angles 
(Theor 18). Therefore BK = KC. That is, AK 
bisects the base BC. Join OK, "then it is perp. 
to BC (Theor. 31). Therefore AKj OK are in one 
St. line. Join CO and produce it to meet AB at 
M. It can be proved' that OP is a median of the 
A ABC. OK = f AO (Cor. Ill, Prop page 97) 

- 2 cm. 

Hence KC=^OC^OK2'= V 42 — 2 ^ =3 46 cm. 
Therefore BC- 2>c3>46=6*9 cm. nearly. Measure 
BC and it will be found to be 6*9 cm. AK sAO 
+OK=s4 +2a6 cm. Hence the area cf the AABC 

— BCxAK=|-x6> 9x6=20-7 sq. cm. 

Since O is the in-centre of the A DEF, DO 
•bisects the ZEDF (Prob. 26), ’.DO when pro- 
duced would bisect EF at rt. angles. (See 
Ex. 1, page 19). 
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Again since both, DO -produced and OQ, are 
5 >rep. to EF from O, DO.and OQ are in the same 
st.dine,; i. DQQ is a. median of A DEF. 

Similarly it can be shown that FOP is also a 
miedian of A DEF. DQ = 30Q=12 cm. Also ' 
.FP=3 OP = 12 cm. / FO:^ FP=8 cm. QF— 
VF02— QQ2= = 6-9 cm., 

4 , 4 * » ^ ' 

area of the A DEF= JEF x DQ=QF x DQ 

12 X 6*9 or 82*8 sq cm. = 4 x 20*7 sq. cm. 
~s.4 A ABC. 

5. Let ABC 4 be a triangle, 
bisect ' A-BC, \ the st. 

lines BI, Cl meet-. K®v^X&8T^® Mo at I. Then 

f’ / 

I is the centre of the r inscribed curcle (Prob. 25.). 
.Draw ID, IE, IF perps, on AB, BC and CA 
respectively. Since ID, IE, IF are' radii of the 
inscribed circles, therefore each of them' => r. 
Join lA.* . . ■ 

A lAB = J Id. AB = J cr,, A ^0"= 

IE. BC = |ar and AlOA = flE. AC 

' ■ ■ 

But the A- ABC + A IBC A lOA .+ 
•A lAB. = ^ar + hr + or) 


II' 
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= ^ ( a + 6 + c ) h In the A ABC, if 
AB = 9 cm. BC s: 2 cm', and AC=7 cm. 
Then ID will be found to be 2*24 cm. on 
measuring. 

.’.A ABC=^ (Vi + b + c) r ss a-(9 + 8+ 
7) X 2*24=:26*8 Sq. cm. Draw AG perp- 
to BC. Then AG will be found to-be 6*7 cm* 
(see page 111). In this case-the ' A ABC s ^ 
AG. BCs ^ X 6*7 x8s:26-8 sq. cm. 

Thus it is evident that the formula A AB C 
(ti + b + c) r is true. 


A 


6. Let ABC 
Produce the sides 
pts. H and K. 
CBH, BCK by 
CO meeting at 
centre of the es- 



be a - triangle. 
AB, 'Ac to any 
Bisect the / * 
the St. lines BO, 
O. ThenO is the 
cribed circle 


(Prob. 27) opposite to A. From O draw ODjOE, 
OF perps. to AH, AK, BC, respectively. Since 


OD, OE, OF are the radii of the escribed circle, 
therefore each of them sfi. Join AO. 

A ABO = iOD. BA=:i cri, AACO = f 

OE. AC = bfi and A BCO « f OF. BC = 
2 

But the A ABC = ( A ACO + A ABO)-" 
A BCO = br I + )— 1= ar^ - 2 (6+c- 

«) r^. 
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In the A ABC, if BC p 5 cm., AC = 4 cm. 
and AB = 3 cmr, thfcn OF . will be found to be 
<6 cm. on measurement. 

A ABC ^ (5 + c - « ) = -^- ( 4 + 

3-5) X 6= 6 sq. cm. 

Draw AG perp. to BC, then it will be found 
to be 2*4 cm. (See page 111 of the book). In 
this case the A ABO = f AG. BC s= i x 2 • 4 x 
5 = 6 sq. cm. 

Thus it is evident that the formula A ABO 
(6 + c — a) is true. 

■ ••7. Construct A - ABC in 

which hs 6’3 cm.' s p^V'j*^ c b-3 cm., and «= 
5*1 cm. (Prob;8). .y • • Bisect- the sides 

AB, A-CatGandH ^ ' respectively. At 

Gand H draw GO, HO peps, to AB and AC meet- 
ing each other at O. Then O is the centre of the 
circle circumscribed about the A ABC ( Prob. 
25). Join OA and meastire it, it will be found 
to be 3-2 cm, nearly. 

.From A,B andC draw AD, BFj CE perps. to 
BC, AC andAB respectively. Measure AD, BFand 
CE, and it .will be found that AD = 2*4 cm., 
BF = 5*04 cm., and CE k 2‘96' cm, 

: If ADjBF and'CE be represented by suid. 

p 3 respectively, then 3*2 cm.. 
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1 ca 5'lx6*3 oo t 

nearly, — - = ■ » ■ ; - A - ; — = 3*2 cm. nearly" 
- 2^32 2x5-04 ^ 

and ^ =3-2 cm. nearly. 

2jp3 2x2.96 

.•.The circum-radius AO = 3*2 cm. =—_ 


_ ca _ ab 

~Wl ” 2 ^ 


Page 199. 


1. With cen- tre O and radius 

= 1.5^'' describe a circle, and in- 

it take any two ® ^ diameters AC, BI> 

at rt. angles to each- other. Join 

AB,BC, CD, DA. ® ThenABCDis the 

reqd. square, since its^^® are all rt. Z “(Theor. 41), 

and any side say BC = + OC* = 

=BO V^=l'-5#;or2.l2". 

Measure BC and it will be found to be 2.12"‘ 
long. 

Area of the square = BC* = 2BO* = 2 x 
(1-5)*, or 4'5 Sq. in. 

2. See fig. in Ex. 1- With centre O and 
radius =: 1.5''', draw a drcle and take in it two- 
diameters AC, BD' at rt. angles to each other. 

Draw tangents at the pts. A, B, C, D cutting 
one another at E, F, G,' H. Then EFGH-is 
the reqd. circumscribed Square. Join AB, BC, 
CD, DA. 
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Since EH, BD and FG are ’ at ft. angles to- 
the same st; line ACj/.they are parallel. Similarly 
EF,'AC and HG are parallel. 

/.eacji of'the figs. EFGH, EHDB, BDGF 
AEFC is a parallelogram. 

.* FG=tEH=BDiAC=EF=GH. 

NowZEBD is art. Z. the parallelogram- 
EHDB is a rectangle. 

.‘.ZBEH is also a rfc. Z. EFGH is a. 
Square. 

Because the rectangles EBDH and BDGF 
are respectively double of the A® ABD and; 
CBD. 

/.The whole square EFGH r twice the *sq, 
ABCD. 

3. See fig. in Ex. 1-Take a line EFr7‘5 cml, 
and on it describe a square (Prob. 13). Bisect; 
“EF, FG at B- and Cv at B’ and C draw BD and' 
CA perps. to EF and FG intersecting at O. With- 
centre O and radius=OB describe a circle; it wiiF 

touch the sides at A, B, C and D., 

In the fig, BOCF since the Z® BFC, 0BF5^ 
OCF are rt.Z®,./. BOCF is a rectangle • ,’.OB= 
OC • also. BOC^ rt. Z each of the angles' 
at OJs a rt, angle. 

Fold the square about. AC: then since Z* 
ACF and ACG are rt. Z% CF' will fall on CG 
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'.and bscause CF=CG, F will fall on , Gr. Now 
•since/® CFB and CGD^ are equal (being rt. 
angles.) FB falls on GD. 

Again since Z®BOC, and COD, are rt. /®, 
OB falls on OD. ' ~ . 

/. B falls on D. /.OB=OD 5 and / ODG = 
/ OBF=a rt. Z . Hence the circle touches GH at D. 

Similarly, it can be proved that OA = OC =, 
OB, (proved) andZOAE s ZOCFsa irt.Z . Hence 
the circle touches FG and EH at C and A. 
/. it is the inscribed circle. 

9 

, 4. See fig, in Ex. 1, — Draw a square ABCD 
on a line AB=6 cm. Join AC and BD cutting one 
another at 0. Then the diagonals AC and BD 
are equal and they bisect one another at O. 
OArOBsOCeOD. With centre O and radius = 
OA describe a circle ; then it' will pass -through 
B, C, D also. It is the circumscribed circle. 

Measure the diameter BD, and it will be 
found to be 8*5 cm. long. 

By calculation, BDsVAB + AD=AB V2= 6\2, 
or 1*48 cm. 

- -5. With' any -jf pt. O as centre 
and radius 1’8" a. circle. 

With any pt A as centre on the ’ 

circumference & radius =‘ 3" draw 

ah arc cutting the ' circle at D. Join 
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AD, and at A andD draw st, lines -AB, DC perps 
to AD, meeting the circle at B and C. Join BC. 
Then A BCD is the reqd. rectangle Join iC.BD. 
they are diagonals since Z* ADC. BAD are rt' 
Z then they cat one another at centre O. 

The side DC = VAC^ -AD^a V3 - 62-3 2=rl . gS'' 
or 2'' nearly. 


' Draw the diameter FOE perp to BD. loin 
FB, PD. BE and ED. Then FBED is a square 
inscribed in the circle. Draw AG peip. to bD« 

Area of the sq, FBED= 2 the 2\FBD e FO. 

BD. and area of the rect. ABCDa2 the triangle 
ABD=AG. BD. 


Now, AO being the hypotenuse is greater 
than AG. But FO =AO (being radii). 

.‘.’FO is greater than AG. FO BD 
greater than AG. BD. 


IS 


Tterefore the area of sq, FBED is greater 
than the area of the rect. ABCD. ' 


Likewise it can be proved thesq. FBED 
IS greater ihm any other inscribed rectangle. 

Hence of all the rectangles inscribed in a 
circle, the square has the greatest area. 


6. Let ABCD 
AEF an equi-> 
inscribed in the 
u and b denote 
their sides. 



be a square and 
lateral Iriangle 
given circle, and 
the lengths of 



114 . 


Solutions Geometky 


If r denote the radius of the given circle their 

BCL AB^+AD*, or or y2'=r|.^2 

AE^sAG^+EG'^or 5® = ( y+ f y)? + ' ^)2 

£for AG s= AO + OGsAO'i-^AOs y+o rl or • 

r. 

7. ‘Let ABCD 3^ square ins* 

cribed in a circle / , / \ \ f^^d let P be any 
pt. on the arc ( / \j AD. Join PA, PD, 
PB, PC. It is reqd. to prove 

that the Z APD = three times any one of the Z'^ 
APB, BPC and CFD. 

Proof —Since the chords AB, BC, CD are- 
equal to one another, the arcs AB, BC. CD are 
also equal (Theor. 44), and hence the Z* APB, 
BPC, CPD subtended by these areequal(Theor. 43). 

Hence the Z APD=Z APB+ZBPC-fZCPD 
=i3 times any one of -the Z* ^APBy BPC, CPD 
fsince these are equal a^lesj, 

8. Let O be the centre of a 

given circle. Cons- o y traction- Draw 

any two diairae- . A ' tersEGandFH. 

AtEandG draw. tangents AEB 

and DGC. At F and H draw tangents AHD- 
6FC, cutting the former tangents at A, D, B, C^ 
Then ABCD is the ceqd. rhombus. 
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Proof-rBecause *the Z* AHO, OFC are rt. 
Z'(Theor. -46), therefore AD, BC, are parallel 
(Theor. 13). Similarly AB, DC are parallel. 
Hence the fig. ABCD is a parallelogram, so 
that AD=BC and AB=DC(Theor. 21). But AD+ 
B0=AB+DC(S8e Ex, 14, page 177) 2 BC=2DC^ 
or BCssDC. Hence the «ides AB, BC, CD, DA 
are all equal to one another. Hence the fig.-' 


ABCD is a rhombus. 


9. Let ABCD 
and X a point on 
Draw the diago- 
secUhg at O. 
duce it to meet 



be a given Square* 
the side AB. Cons, 
nals AC, BD inter- 
join XO and pro- 
CD at Q. 


Through O draw ROP perp. to XQ, meeting^ 
AD at R and BC at P. Join RQ, QP, PX and 
XR. Then XPQR is the reqd. square. 

Proof— In the A® AOR and OPC, bacause 
AQ=OC (Cor. 3, Theor. 21) the Z AORsthe 
Z POC and the Z QAR^=the alt. Z OCP; the 
A® are congruentj so that RO=OP- (Theor. 17). 
Similarly it can be proved that XOsOQ. Now* 
in the triangles XOR and ROQ, OX=OQ, RO is 
common and the Z XOR= Z ROQ, (being, rt. Z**) 
therefore XR=RQ, (Theor. 4). Similarly it can be; 
proved that 'QP=PX,. PX=XR.:.Hehce the fig.' 
XPQR is a rhombus.. 
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The Z AOB=the /-ROX (being rt. Z®) 5 take 
away the common Z.kOK, /.the ZXOBsthe^ZAOR. 
Now in the trimgles BOX and AOR* BO=AO, 
the Z XOBrthe /AOR and the ZXBO=ZRAO 
(each being 45“) . ‘ . triangles are equal . * . OX=OR 
(Theor. 17). .*.ZXRO=/RXO=45Vsince the third 
/ ROX of the triangle ROX- is a rt. Z. Also 
OX=OP 'since each=OR', ZOXP=ZXPO=:45“ 
ZKXP+Z RXO+ZOXP=:90“ .‘.the rhombuj 
• RXPQ is a square. 


. 10, Let AB 

■Cons. — Bisect ^ 
CD, DA at E, ^ 
ively. Join EF b 



CD be a given square, 
g the sides AB, BC, 
F,G and H, respect- 
cfG,GH,HE. Then 


EFGH is the reqd. square. 

Proof -Join FH and EG. Thm FH and EG 
are equal and intersect at rt./,® at O. That is, 
the diagonals of the fig. -EFGU- are equal, and 
bisect oae another at rt. Z the fig. EFGH is a 
square « see proof Ex. 9). , - ■ 

■ . Let KLMN be 'any other inrcribed square. 
Join the' diagonals KM-, NL ; then these will 
intersect at the .pt. O. 

Because OK -is greater than OE,. and 
•OL is greater than OF (Theor. 12), therefore 
KL* which is = OK* + OL*, is greater .than 
EF*,^ which is =OE* + OF*. That us, the sq.- 
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KLMN is less than the «q. EFGH. Similarly 
it can be proved thic any other square inscribed 
in the given sq. AB CD, is greater than the sq. 
EFGH. 

Hence EFGH, is the square of minimum area 

inscribed in the given sq. ABCD, 

11. Let ABCD ” be' a given 

rectangle, (i) Join 

as diameter des- ^ circle. 

Since BAD and BCD are rt. an- 
gled triangles and '''y BD is their 

common hypotenuse, therefore the circle de scribed 
on BD as diameter passes through the pts. A 
and C (Ex. 1, page -165), and is therefore the 
drcumscrtbed circb of the rectangle ABCD, 

(ii) Cans. — At the pts. A and D make the 
DAH and ADH each=45", the arms AH and 
DH meeting at H. Then the /A HD = 90®, 
Through the ptg. B and C draw st. lines EBF 

and FCG parallel to AH and DH respectively, 
meeting each other at F, and the st. lines HA, 
HD be pri»duced to the pts, E and G. Then the 
Sg. EFGH is the reqd. square. 

Proof— The fig. EFGH is a rectangle (by 
construction), Therefore EH = FG, HG = EF 
(Theor. 2l). , , 

Now, the /HAD = 45®, and the/DABs90®, 
therefore the / EAB = 45*. Consequently the 
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/ EB A=45“. Hence EAB is an isosceles A. 
Similarly it can be shown that DCG is, an isos- 
celes triangle. 

Now in the triangles EAB and DCG, AB=DC, 
JL AEB=/DGC (being rt./*) and Z EBA = 
/ GCD ( each being 45“ ), therefore EA = DC 
( Theor. 17 ). But the jL HADsthe / HDA 
(by cons.), hence HA=HD (Theor. 6). Therefore 
HE = HG. Hence HE=HG=FG=EF. .Therefore 
the rect. EFGH is a square. 


12, Let EBF be a given quadrant. 


(i) Bisect the 
St. line BD meeting 
D. At D draw the 
to the arc EDF 
BF produced at G ^ ^ p 

ively. Bisect the/BHG by 
meeting BD at O, Draw the 
AGBH. 



ZEBF by the 
the arc EF at 
tangent GDH 
meeting BE, 
andH respect- 

the St. line HO 
inscribed circle of 


’ Then O is the in-centre of the triangle GB H 
( Porb. 26 ). Then the circle inscribed in the 
triangle GBH is the reqd. circle, because it touches 
each of the sides BG, BH and touches GH at 
D. Now since GH is a common tangent to the 
circle and the arc EF at D, the -circle touches 
the arc EF at D. Hence it is the reqd. circle.' 

(ii) From D draw DA, DC perps. toBG, 
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BH respectively. Then ABCD is the reqdr 
square. . ‘ ' 

In the two A** ABDj BCD because BADs: 
ZBCD (being rt. angles), Z ABD = / DBC 
<by cons.) and BD is common to bothj .‘.the 
triangles are identically equal (Theor. 1 7) AD« 
DC, and the fig. ABCD is a rectangle, (by 
,cons.). Hence it is a square, and it is inscribed 
in the quadrant EBF. 

Page ^tOO; 

1 . {i) With O as 

•cenfte and radius ^ =4 cm; describe 

a circle. Let COF be one of 

its diameters. 

With centre C and radius « CO 

^aw an arc cutting the circle at B and ,Dv 
Through B and D draw the diameters BOE, 
POA. Join AB, BC, CD,PE, EF and FA.' Since 
the triangles B OC, COD are eqn ilateral, / DOCb 
60° =s Z BOG. Z AOC is also s 60° = DOE 
= Z EOF = Z FOA. -Thus each of the ^ ® 
atO= 60° si of 360°./. ABCDEF. is the 
reqd, regular hexagon (Prpb, 30). 

(ii) With any pt*. Q as centre 

and radiugs^cm. X / \p describe a circle. 
Draw 'any two (' dianieters BOF, 

•HOD at.rt. an- b\/' gles to each other. 

Draw the diame« ’ ' ‘ -ters ' AOE, GOC 
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bisecting the angles between the first tw& 
diameters. Then each of the angles at O is 
evidmtly = 45“ = f-'ot 360®. Join AB, BC, CD, 
DE, EF, FG, GH and HA. then ABCDEFGH- 
is the reqd. regul^r octagon (Porb. 30). 

(iii) Sj^ fi(j. in Ex. 1, (i). 

Biseci the angles AOB, BOO, etc., at the 
centre O by 0 .4, OK, OL, OM, ON, OG respect- 
ively. Join AHj HB, BK, KC, CL, LD, DMi 
ME, EN, NF, FG and GA. Then each of 
the angles at O =: 30® = ^ of .H60®, the fig. 
ABBKCLDMENFG is the reqd. regular dodeca- 
gpn. 

2. (i) With any c ^ pt. O as centre 
and radius = T5/' 'describe a cir- 
cle. Inscribe a regular lexsgon 

in this circle as in Kx Hi); and 

let A, B, C, D, E, F be its-angol^ 

pts. Draw tan- gents to the cir- 

cle at these pts. meeting one another at G, H, K, 

L, M and N. The resulting fig. GHKLMN 
IS the reqd, circumscribed regular hexagon. 

join OH. OK OL, OB, and OC. 

Proof— Because the Z* OBK and OCK are 
ft. Z % therefore the £ BOC and BKC to. 
getbers^rt. Z*(Inf. 5, Theor, 16). But the 
C BOC s: 60® [ proved in Ex. 1, (i) ], therefore 
‘ £ BKO = l20®. Similarly it can be proved 
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that each rf the Z® CLD, DME, ENF, FGA 
and AHB ss 120“.- Hence the fig. ‘ GHKLMN is 
equiangular. 

'Again be'iause the circle touches the st, 
lines HK and KL, ihertfore, OK bisects the 
Z HKL (^Ex* 6, page 177), Similarly ^OII, 
OL bisect the Z" GHK, KLD respectively. 
Hence each of the C OHK, OKH, OKL, OLK 

.MheA® OHK, CKL are equiangular and 
therefore fquiUteral. . HK = OK = KL. 

, SirniLrly it can be proved that KL = LM, 
and soon. Hence the fig. GHKX.MN is also 
equilateral. Therefore GHKLMN is a regular 
figure. 

Measure all the sides o£ the hexagon GHK- 
LMN and they will be found to be equal to 
one another . also measure the angles and it 
will be founJ that each of the angles = 120“- 
Hence the fig. is regular. 


A K H 


pt. O as centre 
describe a circle. 


(«) With any 
and radius 1*5" 

Inscribe a regular Jr octagon in it 5 

andLtK L. P, Q, R, S 

be Its angtl irpis. d p c. Draw tangents 
to the circle at these pts. cutting one another 
at A, B, C, D, E, F, G, and H. The resulting 

fig, ABCDEFGH is the reqd. circumscribed 
regular octagon. 
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Proof — Proceed ag in the case of Ex. 2,, (/>, 
'Measure all the sides and angles of the 
octagon, and it will be found that all - ifs sides 
are equal, and each of the angles = 13^. Hence 
the &g. is regular. 


‘ 3, Let O be the 
circle. Inscribe -an 
ADBECF in it. h / 
and CA. Then, 
inscribed equ ila-' 

it. Let a and b e 

of their sides. 

O’). Join 
Z BOC = 2 


centre of a given 
F regular hexagon 
Join AB, B.C 
, AbC is the 
^ teral triangle in 
denote thelengths 


OA OB and . OC. Then. . the 
the Z BAG (Theor. 38>al20“, 

.‘•9®^ and OBC are together = 180'’-120“ 
*60 (Theor. 16 ). But Z OBC = Z OCB, 

since OB =00 5 ,* each of the - Z® = 30°, Also 


the Z BEC, being the angle of a regular hexa- 
gon = 120° ; and it can Be proved as before that 

Z EBC = / ECB = 30°. Now, in the two A' 

BOC, BEC, side BO is' common, Z OBC= 
Z.EBC, ZOCB = z, EQB (each being s 30° ). 

two triangles are equal the triangle BOC=| the 

'^^BOCE. Similarly it can be proved that'triangle • 
AOC a ^ the fig. AOCEj and the triangle AOB 

= the fig, AOBD. Hence summing up we have 
the triangle ABC =| the hexagon ADBECF. . 

(i«) Because ^ AB 2 = OB’* (Ex. 6, page 199), 
or AB=3 OB % and OB = BE. 
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AB2=3 AD2, that is, , 

' r 

4. With any a, _g Pt. O as centre 

and radius=2" ^ describe a circle. 

At O make an o /COX)=f of 360'' 

or f5l*4>“ nearly y by means of the 

protractor. Join CD, Set ofT'chords 

DE, EFj FG, . o GA and AB each 

-equal to CD round the circumference. Join BC. 
'Then ABCDEFG is the reqd, inscribed 
heptagon. 

Because 7 times the ZABC + 360'’=:2 x 7 rt, 
= 1260“ ( Cor. 1, Theor. 16 ), therefore 
/ABCsJ' (1260“ — 360°) = 128*55“. Measure the 
ZABC, and a Side AB, and it will be found that 
Z ABCal28*6“ nearly, and AB = 1.73". 

Page 201. 


1. Draw a st, 
C and D make Z® 

' 120°, making CB,b 
B and E again 
DEF eachs 1 20“5 
each=2". Join AF, 
^regular hexagon on 


line C Ds2" and at 
im DCB,CDE each= 

A M = 2". At 
\^'/J roake theZ^CB A, 
making BA, EF 
Then ABCDEF is the reqd, 
a side of 


Bisect the BCD, CDE by the st. lines CO. 

■DO meeting at O. With centre O and radius 

OC desenbe a circle, then this circle is ' the 

wcnmscnbed circle of the hexagon ABCDEF 
'<Prob. 3J). 
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From O driw OL perp'. to CD. With centre 
O ind r.^dius OL describe a circle ; then this 
circle is the inscribed circle of the hexagon -AB 
CDkF (Frob. 3 1). 

By calculation the /OCD=69” ss/ODC, and 
hence =/ COD (Thepr 16). \ irian^le OCD is 
equilateral, ,-’.OC=CD=2''},*.the ci cum diameter 

=. 4”. Now. CL=:|-CD = OL = VOC^-CL** s 

-</4-l ss V3 =f 73^'; therefore the in-diameter=3*46®. 

Measure the circum-diam'ter and the in- 
diameter* and they will be found to be=4" and 
3*46'' respectively. 

2 ; See Ex,2 {i)f pa.e 200--’ 

Let O be the centre of the giv'^en circle, and 
let AHCDEF and GHKLMN be the inscribed 
and circunjscribed rt-galar hex.igons Join OH, OK , 
OB and OC. Let Olv cat BO at P. 

. Then OP= VOO* ropaNoC^-^ 00*= 

2f 

OC, and 0C=:BC=V0K2— yOK^-AOK* a" 

OK =^HK. Therefore HK = \-0C. - 
3 2 ■ ^5 

TheAOHK=:i OB. HK^OCk-?- 0C= ^ 

i- \J 

OC*,. and the AOBC=|OP. BC^x'^^OCx OC 

I 

=-^OC»=i ^OC»=i triangle OHK. 
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’ Now, the hexagon ABCDEF=:6 triangle OBC, 
and the hexagon .GHKLMN = 6 tria- gle. OHK. 

the hexagon ABC DBF | of the hexagon 
GHKLMN. 

If OC =10 cm., then the area of the hexagon 

"ABCDEF s 6 aOBC = 6 00» = 6 

^4 4- 

(10)2=150 or -iSS-S sq. cm.-: 

3, Let 0 be a the centre of, a 

given circle, and let ABC be &n 

- . Isosceles triangle j ^ '^s inscribed in it 

' such that each of u j] the / "ABC, ACB 
is double of the \ / BAG. It isreqd, 

to shew that BC 8 o is a side of a 

regular pentagon inscribed in the circle 

The Z " ABC + ACB 4 BAC = 180" (Theor. 

16), or 2 Z B AC 4 2 Z BAC 4 Z BAC, or 5 
2:BAC=18 o\. 

Z.ZBAC = 36", .Join OB, OC. Then the 
ZB0C=2 theZ bag (Theor. 38}=7i“=| of: 360". 

Hence BC is a side of a regular. . jpentagon 
inscribed in the given circle (Prob. 30 ). • • ' 

Note— See also Ex. 17, page 17 1 . 

4. (i) Draw a St. line AB=4cm. 

With centres h, and B, and radius 

= 4 cm, draw \! two aics cutting 

one another at 6. With centre O 

and radius AOor O bJ describe a circle . 

Set off xhoids BC, CD, BE; EF each equal 
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, to AB round the circumference of the circle. ' Join 
FA.- Then ABCDEF is the reqd. hexagon (since. 

AOB is equilateral and therefore JL AOBs=60“=: 
I of 360“). 

Area of the hexagon ABCDEFsS times, the 
AOAB=6x^ AB.® (proved in Ex. 2) 

X 16 = 41*57 sq. cm. 


( jj) Draw a st. line AB = 4 cm. Produce it 
both ways to any pts. P and Q. At A and B draw 
AF. BE perps. to AB. Bisect the/* FAP, EBQ 
by the St. lines AH, BC respectively; msdcing 
each’of them e 4 cm. Draw HG, CD parallel to 

AF or be making each «= 4 cm. 

With centres 
4 cm. draw two 
AF at F and 
DE and FE. 
is the reqd. oc- 
angle = 135°) . 

Join GD cutting AF at L, BE at N. Join HO 
cutting AF at K and BE at M. Then the oc*^ 
tagbn is divided into 4 rt. angled isosceles trian- 
gles, four rectangles and a central square.- 



G andD, and radius^ 
fares cutting the line 
LBEat E, JoinGF, 
'^ThenABCDEFGH 
tagon (since each 


Now AH2,=AK2+ HK® ='2AK2. Therefore 


AK®= 


AHL.%AK=::!^-i 

2 • ,2 


AH 

^2 



= ’2-<f2cm^ 

•< 
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Area of the octagon=4triangle AHK+4 rect- 
ABAK+KM«=4( i HK. AK-) +4 ( AB. AK ) + 
AB2=:4 x( ix2V2 x2V2 ) + 4 X ( 4 >c 2 V 2 ) + 4*s 
1 6+32'\^+16 s77*25 sq. cm. 

Page 202., 

1 i-t. 4 .A circu^erence • 

1 , We know thatA= — — 5 • .mca-se 


diameter 
8*8 


=3*13725 j in case(«7)A=g:^3* 14286 j and 
in case (m) A=^^=3‘I3953.And meanofthethre« 
xLLulti: 

2. Length required for 20 complete ‘ turns 

= 75«4". ' ' . . ■ 

• 1 

, . ... ••• ••• 

lurn=3*77". ' ‘ * 

Hence the circumference = 3•77'^ 

= 3-1417 nearly. ' ' ! 

3. The wheel makes 400 revolutions ' in 977 ' 

yards. ■ 

. ... ... ...1 revolution..-- 

2,4425 yds. 

Hence the circumference s 2.4423 yards, 

. ^ 2-4425 yds._ 2*4425 X 3 x 12 

28157 " 28 " 


3-140357. . 
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Page 205. 

1'. The circumferer.ce of a circle = 27r»'j 
4'. in case (i) the circumference = 2x’ 3*1 4x4 *5 
= 28*3 cm. . and in case (ii) the circumference 
2 X 3*l4l6xl00=62'»^ cm. 

2. The area of a circlesiry* . * in case 

'!(i ) the area = 3 141 6x(*3* 3)’ =16-62 sq. in. ; and 
incase (ii) the ,area=3*141593 x (10*6)2=352’9.0 
-aq. in. 

3, See fig. in Ex. J, Page 199. 

Let A BOD be the circle inscribed in the sq. 
EFitH -whose side=3*6". // The radius BO=-J 
BD = i EH=l-8cm. 

Hence the circumference » 2 7ry»2x3*1416x 
l*8=ll*3l cm. 


And areas 7r?'*=3•^416x(l•S)2^^-10T8 sq, cm. 

4. See fig. in Page 199. 

Since the diameter of the circle is the diago- 
nal of the squares. .'.the diaguna =2x7=:14 cm- 
And the area of the Square-^ . Product of diago- 
:nals^5=i x 14 x 14 = 93 sq, cm. And the area of 
v" ' -22 

’"ihe circle 72 _-[ 5 ^ gq^ cm. 


/.the difference of the areas = 154-98=56 
'Sq. cm. 

5. Let O be the common centre 

of two concentric / circles of radii 5*7" 
and 4‘3". Thenff o-^-js'the area of the 
•circular ring be- tween - these two 
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circles* w OA -’— tt OB^stt.cOA^— 0B«)*9-1U6 
(o*7x5’7 — 4.3 x4‘3)=3*14l6 X 14=43‘P8 sq. in. 

See fig. in Ex. 5, 

• Uet O be the centre of two concentric circles, 
and let AB be drawn tangent to the inner circle 
from any point A on the outer circle. Area of 
a circle of radius AB = n AB^stt (OA®— OB®)a 
area of the ring (see. Ex. 5). 

7, See fig. in Ex, ly Page 199. 

Let ABCD be the rectangle inscribed in a 
circle. Join AO, BD. The area of the rectangle- 
*ABxAD s 8x6*48 sq cm. The diameter B0 
of the circleaVABi-AU *^4+36*10 cm. .% Tho 
radiusaS cm. Hence the area of the circlea w 
3T4l6x5x5a78'3 sq. cm. 

.'.The area of the four segments outside the- 
rectangle a 7a-5 - 48=30-5 sq. cm. 

8. The area of fhe'reqd. square a the area, 
of the circle whose radius is 5" a ttS® s 3- I 416 
X 25 a 78*54 sq. in. 

= required Square = V?8=84 


9. See fig, in Ex. 

^Letx'' be the radius of the smaller circle*. 
Then the- radius of the greater circle a (x+ 1/' 

V, «ng= TT (x + 1)2 _ - ' J 


9 
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10. LetABCbe - equilateral 
triangle whose side = 4'' and 

let ABC and EDF be the circums- 

oribed and ins- ® cribed circles. 

Then these circles are concentric, having 
their common centre at O. BF e | BO = 2". 
/. AF=VAB 2 _ BF* = ->fr6~4" = 2 V3 in. AO= 
f AF= |x2 V3 = I V3 in.‘, and OF e, ^ AF =3 V3 
,in. The diflference of ' the areas of these two 
circles = ,r ( A02 - OF“ > = 3*1416 K | ) 
s= 12’57 sq. in. 

11. Let P 
O) and 
pectively. Join 

Af6p2 4- Qpa = -^TTHT^+ns^ = 1*7'^ 
With centres P and Q and radii =:*7"_ and 
1*0'^ draw two circles; then they, will touch 
each other externally, because the sum of their 
radii = -7'' + PO" - l-V" = the distance bet- 
ween the centres P and Q their circumfer-- 
ences are = 2 x 3-14 x *7 = 4-4", and 2 x 
3*14x1= 6 -3" nearly. And their areas are = 
3*14 + (*7) ^ ss 1'54 sq. in.; and 3* 4 x =- 
3*14 sq, in. nearly,. 



andQbe the points 
(O, *8") res- 
Q?,' Then yP= 


12. Let P be 
1 2"). With P as 
ius =! V' describe 
OP cutting the , 



the point (1*6", 
centre and rad- 
a , circled - Join 
circle at R and 
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produce “61^ to me<^i it again , at Q, From P 
draw PM perpi to OX. Then OP=V PM^+OM“ 
s V (1-6)2 + ( 1*2 y = 2". /. OR= OP — PR = 
S'' - l"s: 1" , and 09 = OP i PQ = 2" + 

3'\ Therefore the circles described with centre 
O and radii V' and 3^ will touch the first circle, 
'the former externally at R, and the latter inUr- 
Hally at Q. Draw 'the circles as shown in the 
figure. 

Page 2O6, 

1. See fig. in Ex. 8 page 189. 

Let AB and CD be any two parallel st. 
lines and EF any other St. line meeting them, 
it is reqd. to describe circles to touch AB, 

CD, EF. 

• « 

(^^Locus of the centres 6f circles touching 
AB and EF is one or other of the lines EO, EP 
which bisect the angles AEF, BEF respectively 
[Xote VI page 188] 

(ii) Lofcusof the centres of circles touching 
CD and EF is one or other of the lines FO and 

FP bisecting the angles CFE and DFE respec- 
tively (Note VI, page. 188)-.'. The points O and 
P where these st. lines intersect are - the - cen-: 
tres of the.required circl€S.(m) Again, the locus 
of centres of all circles touching two parallel 
straight lines is a lines parallel to -the- given 
lines and mid-way between them. the’ points 
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O aiid P are .equally distant from CD - hence 
the radii of the two circles are equd, the twc 
circles are equal. 

2. Let AB'C, \ DEF be two tri- 

angles which / /\ have their bases 

BCjEF equal, a/' -V/ / \ and the vertical 

B c 

/ BAG = the vertical .Z EDF. It is reqd, ,to 
.show that their circum-circles are also equal 
Place the A ABC over the A DEF such that 
the pt. B falls on the pt. E,* and BC along EF . 
then because BC = EF, C will coincide with 
F. Let EGF represent the new position of 
the A ABC. Now since the Z EGF ss the 
Z EDF, the points D, G, F, E are concyclic [Con- 
verse, Thsor, 39]. the circum-circle of the 
A DEF is also the circum-circle of the A EGF, 
Therefore the circum-circles of the A® DEF 
-and ABC are equal. 

3. Let ABC be a triangle and 

let S and I be jcircum-centre 

and in-centre. And N^ - Nj clet S lie on AL 
It is reqd. to P>^ove that AB a 

AC. Because I is the in centre .% theZBAI = 
the 'Z CAI (Prob. 26), From S draw SD, SB 
perp. to AB, AC. Then since S is the cir- 
cum-centre. D -and E are the mid» pts. of. 
AB and AC respetively <Prob. 25 ). . In the A- 
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SAD and SAE, the ZSDA = the’ / SEA being 
rt. /^the Z SAD = the Z SAE, and AS is 
common to bothj the A" sr® equal in all 
respects [Theor. 17]. .% AD = AE- And since 
AD, AE are halves of AB, AC respectively, AB 
e AC. 

4. Let ABC ® triangle rt. 

Zd. at A; let D, ^ denote the dia- 

meters of the gLT >-^0 inscribed and the 
circumscribed V ^ J chd®®* Itisreqd. 

to shov? that D+d = 6+c. 

Area of the A ABC (rt+^+c) r i where r 

e radius of the inscribed circle [ Ex. 5, p. 198], 
and is also s ^cb, 

.\\cb ( aA-b^c ) ^5 y B — ds 2r sz 

2 Qh 

— .Again because the Z A is a rt. angle,.*, 

sc^ +6^, and D=CB = a [ Prob. 10 ] D+d=rij 4 . 
2c6 ^ ac+ab+a^-i-2cb _ a c-hb)+ c^+b^+ 2 cb 

a+6+c a+6+c a+6+c ' 


a^W'i“{p\'bYh _ (c+6'» (a+6+c) 


5, See fig, in Ex. 5 page 198. 

Let the inscribed^circle of a A ABC touch 
the sides AB, BC, CA at D, E and F respecti- 
vely, It is reqd. to prove that the angles 'of 
the ADEF are respectively 90" - § A, 90“ - | B, 
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90“ — ; § 0. Because AF and AD are two tangents 
drawn from A. AE=AD [Cor., Theor, 47]. 

.\the ZAFD=:the/ADE. Now the /FAD 
+theZADF+the/AFP=180“, that is 2ZADF+/A 
= 180“. / ADF +|^A=,90“ .-. the / ADF 

= 90“-| A. Bub the/ ADF =the /DEF in the 

alt. segment (Theor. 49 ). the / DEF=9p“— . 
A. Similarly it can be proved that the / DFE= 
90”-i B, and the / FPE=90“ - JQ. 

6. Let ABC a ' be a tirangle and' 

let Ij V be the centres of the in- 
scribed circle, and the escribed circle 

touching the side / \ / g BC. It is reqd, to 
prove that I, B, \j FandCareconcyc- 

iic. Because IB . j' and 1C are the in- 

ternal bisecetors of the /* B and C (Prob. 26 ), 
and F B, F C are the external bisectors of the 
/* B and 0 [Prob. 27], /. the/" IBF and IGF 
are rfe, /* .-, / IBF / ICF=2 rt. /" .*. the 
points I, B,I\ and C are concyclic [ converse, 
Theor. 40 ]. 

7. Sec fig. in EXwSpage 198, 

Let ABC be a triangle, and let the inscribed 
circle touch the sides AB, BC, OA at D, E, F 
respectively. 

It would be sufficient, if we prove that AC— 
AB=CE-BE. Because AF=AD, BE a BD and 
CFaCE, [Cor. Theor. 47],AC-AB= (AF+CE)- 
(AD+BD) a AD+CE-(Ap+BE)=CE-BE. 
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8. Let ABC be a triangle, of 

which the side ' greater than> 

AC, and let 1 /n \ and S be its incen- 

tfft and ' circum- \ centre. Join IS, 

Al and AS. It is ^ ^ reqd. to prove 
that the Z IAS b DC=if(Z C-/B ). 
Join SB, SC. Since SBsSC (each- being circum- 
radius), .\the/SBC=/SCB. Similarly ZSBA 
= ZSAB and ZSCA = ZSAC. ZC— ZB= 

(ZACS+ ZBCS) -ZrABS+ZCBS)=: ZACS-* 
ZAB3 [since ZCB3=ZB03 ]:.ZCAS ~ ZBAS 
= (ZGAI + ZlAS)-< Z BAI- ZIAS) =: 2 

' the Z1AS(.*. Z CAI= Z BAI theZ IAS 

st(ZC-ZB). 

(ii) From A draw AD perp, to BC. Then 
since lA is the bisector of the ZBAC, Z DAI 

= \ (ZC— ZB) [Ex. 3, page 138]. /.theZDAI 
=the ZIAS\ AI is the bisector of the 
ZDAS. 

9. Let AB- ^ quadri- 
lateral. Join dia- gooals AC,BD in- 
tersecting at O. / / \ Bisect AO, BO 

CO and DO, at thepts. K, L,M,, 

respectively. Through these 

pts. draw st. ® ^ lines EKF, FLG, 

GMHjHNE perps.^to AO, BO, CO, DO, respec- 
tively. and, let them meet at the pts. E, F, G, H 
-as in the fig. Then E,- F, G H, are the circum- 
centres of the A” AOD, AOB, BOC and COD 
respectively [Prob. S5]. 
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It is reqd. to prove that EFGH is a parallelo- 
gram. - ' 

Because EF,GH are both psrps. to AC? there- 
ifore EF is parallel to GH [Ex .2, page 41). 
Again because EH, FG are both perps. to BD, 

therefore EH, and FG are parallel (Ex 2, page 
41). Hence the fig. EFGH is a parallelogram. 

10. Let ABC ^ bs a triangle and 
let I be the centre / yvK inscribed 

circle. Circumscri- be a circle about 

the A ABC and let P be its 

centre (Prob. iS). \ o J Join AI and pro 
duce it to meet the ' — ^ circutn - circle at,0. 

Join Bl, 1C. 

, It is rcqd. to prove that O is the centre 
of. the circle circumscribed about the A BlC. 

Join BO, CO. 

Proof.— Because I Is the iii-centre, therefore 
AI, BI and Cl bisect the Z-® BAC, ABC and 
ACB respectively, { Prob. i6). Therefore theZ 
OlCsthe ZlAC + theZlCA (Theo, 16. Obs.) 
=|- Z.BAC H- ^ ZABC. Again, because the 

Z OCB = the ZOAB- (Theor. 33) = } 4 BAG 
and the ZBC1«-^ ZABo therefore the Z OIC = 
the ZOCB + the Z BCl = the Z OCI. OC 
= OI (Theor. 6). Likewise it can be proved 
that OBsOI. Therefore OB =Ol sOC. Ilence 
O is the centre of .the circ<e circumscribed about 
the A BiC (^Theor. 33). 
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11. Lei BC 
the altitude, 
of the circum- 
a triangle. It 



X sh be the base, GB 
and KL the radius 
scribed circle of 
I is reqd. ■ to cons- 


truct the triangle. 

Cons. — Bisect BC at D. At D draw DF 

perp. to BC. Then the circum-centre lies on 
DF (Prob. 25); With centre C and* radiuss: 
KL iraw an arc cutting FD at O. With centre 
O and radius OCdraw the circle BAC.At B draw 
BE perp. to BC making BE=GH. From E draw 
EA' parallel to BC cutting the circle at A and A/ 
Join AB, AC, A'B and A'C. 

Then ABC and A'BC are the two reqd, trian- 
gles satisfying the given conditions. 


l2. The pts. ^ Aj D, B are in 
one St line ; also / \ Aj F, C are in 
one St. line- and F, C are 

in one st. line < Theor; 48). 

That is, the pts*. / Vwiy \ D, Ej F lie 
the sides of the® ®AABC. At D, 

Edraw DP, EP perps. to AB,* BC and let 
them meet at on P- Then DP, EP are tangents 
at D. E. Join PIT. If PF is not perp. to AC, 
let any other line FQ be perp. to AC meeting 
EP produced at O and DP at Q. 

PC, PE are tangents to the same circle from 
.'.PD S5 PE (Cor. fheor, 47), For the same 
reason OE = OP and QD = pF. Now pD 

go -f- OF= go + OE* =goV op -f pe = go+ 
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OP + PD a QOfOP + PQ+QD, which is absurd.- 
Hence PF is psrp. to AC, and therefore tangent 
atF;*.‘byCor. Theor.- 47, PD = PEaPF. 

a circle draw with centre P and -radius a 
PD, must pass through the pts. E and F; and 
also must touch the sides AB, BC, CA at D, E, 
F(.'. radii PD, PE, PF = are perps, to the sides}*, 
t. e.j the circle is circumscribed, circle of the 
ADEF, also is the inscribed circle of theA ABC.- 

Page 209. 

k 

1. Let P orthocentre of the 

A ABC, aod i' / A ] the perp. AE 
(from A)meet ^ / the circum-circle at 

D. It is read. to prove that OEaED. 

o 

Join 00 and produce it to meet AB at F. 
Join CD. Since Z* AEC, AFB are. rt. Z% 

Z OCE a90"-Z EOC, andZ OAF a 90“ -Z AOF--. 
because Z AOFaZ EOC, their complements are 
equal . i. e., Z OAF a z OOE .-.the Z DCB 

DAB (Theor. 39) aZOCE., Now in the two 
A OCE, DOE 

Z OEOaZ DEC(bemgrt. Z 
because -< Z OOEa Z D EC( proved), 

•EC is common to both; 

w 

. two A® are identically equal ; .‘.-OEaED. 
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2. (/) Let Y ^ ABC be an acute- 
angled trian- K gle. Draw AD, BE^ 
CF perps. from A ^ B, C on opp, 

sides. Join DE, EF, FD. Then DEF 

is the pedal a A ^ It is reqd. 

«■ G 

to prove that ABj.BC, CA are external bisec- 
tors of the / ®. F, D, E of the pedal A» 

FC is the internal bisector of theZDFE» 
(Theor. 11, page 208); and AB is perp. to FC. 

it is the external bisector of the .sameZDFEt, 
because internal and external bisectors of an 

angle are rt, angles to one another^ (See Ex. 6, 
page 13). 

Similarly it can be shown that BC, C A are 

ternal bisectors of / * FDE and DEF respectively. 

(ii> Let ABC t be a A obtuse 
angled at C. Draw AE,BD,CF perps. 

from A, B, to opp. sides. 

Then D and E '^will be pts. on* 

AC produced and ” i ^ BC produced ' res- 
pectively. Join ® DE ,EF, FD and' 

produce them bothways. Then DEF is the- 
Pedal A. 

Now, CF bisects theZ DFE internally , f ^AB 
(being perp. To CF)'is the externally bisector of 

Again, AE bisects the Z FEK (Theor. 11. 
on p, 208 ). i. e., bisects the Z FED externally^ 
(Note at the bottom of p. 208) >7 ECBj being; 
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perp. to AE, bisects thoZ 'F'E.'D internally . For 
ihe same reason DC A being perp. to the extern d 
bisector BD of the ZFDE, bisects tlie Z FDE 
inimtally, ■ 

3, See figs, in Ex, 2-—First let us suppose 
the A ABC to be acute-angled as in Fig.in Ex', 
2 (i). The Z BOC = ZFOE. The angles AFO, 
AEO of the quad. AFOE are supplementary 
(since each is a rt. Z )•*• the fig. is concj’clic 
(Converse} Theor. 40) Z* FOE and FAE 
are supplementary. But Z FOE ss ZBOC, 

Z BOC and Z FAE ( i, e, the Z BAG ) are 
supplementary. ' 

Let the A be obtuse-angled at C as in Fig, 
in Ex. 2 (ii;. Since Z ODA ss Z ’ OFA' being rt. 
Z ^ the pts. F, A) O, D are concyclic ( Converse 
Theor. 39 ) Z FAD = Z FOD in the same 
segment FAOD of the.circ'e. (TTheor. 39) •, i. e. 

-the Z BAC = Z BOO * 

4. See fig. in Ex 2. (i)‘ — In the* A BOG the 

lines BF, OD are per'ps. from vertices B, C, O 
to opp. sides CO, BO, BC, and they intersect 
at A. Hence A is the orthocentre of the A 
BOC. - ' 

Similarly, it can be proved that B is. the 
orlhocentre of the A AOC, and C is that of the 
A A0B» and O is given to be the orthocentfe 
of AABC, each of the four pts. O, A, Bj G 
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Is the orthocentre of the A whose • vertices are 
the other three. 

5. Let O be orthocentre 

of the A ABC. j 19^^ OA,. OB, 

'00« Circumscribe L ' circles about 

the A' ABC, BOC, AOC, 

AOB. It is reqd. : to prove that all 

these circles are equal. - 

Take any pt; G on the circle circumscribing 
theA ABC on the side of AO remote from B . 
Join AG, CG. 

The Z BOC = supplement of the /ABC, 

[Ex. 3 (i)'] a the '/ AGO (theor. 40 '). 

Now fold the fig. AOCG about tie 

St. line AC : then ‘ the pt.' . G coincides 
with apt. say G' on the same side of AC as O 
■and AG, OG coincides with .AG', CG', Now 
/ AOCs/ AGC=/AG'C. C‘ and *G' lie' oh 
the same arc AOC (Converse. Theor, 39) that 
is, the pt, G on the arc AGO coincides with a pt. 
G' on the arc AOC. By taking other pts. on 

the arc • AGC, it can be similary shown that each 
of them coincides with corresponding pts. on 
the arc AOC.,*, the whole arc AGC coincides 
with the arc AOC. the segment AGCathe 
segment AOC, . 

Similarly by taking any pt,, say K,- on the 
are AHC and joining AK. KC, it can be proved 
that segment AB Cssegment AHC. 
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/ ' by adding the cirde ABCG = the circle 
AOCH. 

In the same way it can be proved that each* 
tdf the circle circumscribing A® AOB, BOC is 
also = the circle ABGG. 

6. Each of the r ADB- and, 

AEB is a rt. / ^ Ag (Theor. 41 ) 5 1 &. 

BD and AE are perps. from ,B 

and A on opp. sides AF and 

BF of the A ABF ^ ® /. G is- the ortho- 

-centre of the A AFB - Now the perp. from F 
on AB must pass through G..*. FGH is perp. 
•to AB, 

7. Let ABC be a triangle. 

Draw BE, perps. to ■ AC, 

AB, cutting one another at O. 

Then O is the orthocentre. Des- 

<a:ibe a circle about the A 

ABC, and draw the diameter AK. Join BK, CK. 
Then BOCK shall be parallelogram. 

Since / ACK is a rt. Z (Theor. 40), 

Z AOK = Z AEB.’, BE i. e., BO and KC are 

tpaiallel (Theo. 13). Similarly it can be proved 
that CFj i. e, CO and EK are parallel. fig. 
BOCK .is a parallelogram. 

8. see fig. in Ex. 7.— Lei ABC be a A. Draw 
BE, CF perps. from.. B, C on AC, AB, and let 
them cut at O. Then O is the orthocentre of A 
ABO. Describe a circle about the A ABC, and 
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draw the diameter A'K. Bi^ct BC at G, Join 
OG, and produce it. It is reqd, to prove that it 
will pass through K. Join OK. 

Now BOCK is a plgrn. ( proved in 
Ex. 7 ). .*. its diagonals BG, OK bisect 
one another. That is, the pt. G, the mid- 
pt, of BOj lies on pK. pts 0, 0^ K are in 
same St. line 5 OG producecTpasses through 
K. Also OGsGK. 


9. Let O be 
of a AABC. Draw 
A to BC. Then 
Describe a circle 
ABC. Bisect base 



the orthocentre 
AG perp. from 
O lies oh AG. 
about the A 
BC at E. Join 


OEj produce OE and AG to .meet the circum^ 
circle at F and D. Join DF. It is reqd, to prove 
that DF is parallel to the base B C. Join AF . 
Then AF is diameter through A {See Ex. 8)., .*./ 
.ADF=I rt. Z(Theor. 4l) AGB. BC and 
FD are parallel (Theor. 13), 

10. See Fig, in Ex 9 — Let O be the ortho- 
centre and P -the circumcentre of a A ABC. 
Draw AOG perp. from A to BC. Describe the 
circle about the AABC, and draw the diameter 
APF. Join OF cutting BC at E. Then E is 
the mid, pt. of BC as well as of OF ( proved in 
Ex. 8) Join PE. Then "PE is prep, to BC froni 
E(Teor. 31). It is reqd. to prove that AO=2 PE» 
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,, In the /[ ' AF.Qj P is the mid. , of ^AF, 
and E the mid., of OF. PE = | .AO, ‘or AO= 

2 PE (Eat. 3^ page 64), . ’ . 

11. Let O r A be the ortho- 

centre of a A ABC, Join OA 

OB, OC. Let S, , I D, E, F be the 
circum-centres A® ABC, 

BOC, AOC, - o"^ c AO'B respectively. 

Join DE, EF, FD; It is reqd. 

to prove that the A ABC s the A DEF in all 
respects. , ' - 

^ JomSA, SBi SC, FA, FB, .EA, EC,,DB and 
DC. These are the radii of . circles circums- 
cribed about the A ABC, BOC, AOC’ and 
AOB which are all equal ( proved in Ex. 5), 
these lines' are all equal to one another. ' 

/.each' of the figs. SBDC, SAFB and 
SAEG is a rhombus. 

.-. CD is parallel to BS • and BS is parallel 
to AF. CD and AF are parallel j and they are 
also equal. .'. AC s:FD (Theor, 20 ). 

Similarly it can be .shown that AB = ED . , 
BC s FE. Thus we" have the three 'sides of the 
A ABC respectively equal to the three sides 
of the A DEF ; the A® are .equal in all 
respsects. . - - 

12. See fig in Ex. 9—Let A be one 
given vertex, O the orthocentre and P 
the circumcentre. It is reqd. to .construct the 
triangle. 
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The triangle is constructed if we know the 
i>ase. Now from Ex.lO, we know that AO is 
double the perp. distance of the base from P, and 
is parallel to that perp. Hence we have the follow- 
ing construction. 

Construction.— Join AO, AP* With P . as 
centre and radius PA draw the circle ACDB. 
From P draw PE parallel to AO making FE=:| 
AO. At E draw BEC perp. to BE meeting The 
circle at B and C. Join AB, AC. Then ABO is 
the reqd. triangle. 

Page 211. 

1. Let BC be ^ 

and X'the given vertical angle 5 

and 1 et ABO be one of the A® on 

the base BC ® I \ ' / ) e whose vertical 

angle A = ZX. Produce AB to 

any pt.-D and AC to any pt. E. Bisect the ext. 
Z® CBD and BCE by Bit 01 intersecting at I. 
Then Ij is the ex-centre opp. to A. It is reqd. to 
find the locus of Ij. ' 

The Z BIj 0=90° ^ — § A {See Ex. 7, p. 47) 
^constant since Z A is constant (being always 
f Z X ) ; and BC as a given line. locus of I- , 
is the arc of a segment of which BC ’ is a chord* 
and which contains an angle = 90“ ~ |A. ^ 

2. Let AB he > — ^1— a given st, line, 

let AP, BQ be / a/^c - . parallel 

st. lines drawn through A and B. 

Bisect theZ®PAB . ^ QBA by AC, BC, 


10 .: 
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and let them meet-at C. Jt is reqd, to find the 
tociisof'C. 

. The sum of the PAB and. QBA = 180.'^' 
<Theor. 14 ) 5 .*. sum of their halves - 90°, i. e., Z' 
ABO f Z B AG = 90° -the Z ACB = 90°i 

.*• the locus of C is the circle described' on 
AB as a diameter. (Tlieor. 41) 

3. See Ex. 6, page 165.; 

4. Let BDE be on® of the system 

of concentric cir- cleswhosecommon 

centre is O. Let A be the fixed pt« 

and let AB be a tan* gent drawn, from 

A to the circle B DE-. It is reqd. to find the locus 

of the pt. B. 

Join OBj OA, Since O and A are fixed 
pts. OA- is a'fixed St. line. And the Z ABO 
is art. Z (Theor. 46). 

.‘.locus of B is the circle drawn on OA as 
diameter. 

5. See- fig. in Ex. ^y page 170. — ^Let BCDE 
be the given circle) and D and E two fixed ptSi 
on it. Let DCj EB be two such st. line's drawn 

from D and E, that the arc BC intercepted 
between the'm be of constant length . and. let 
themiiieet at A. It is reqd. to find the locus 
of A. : 

Since arcs DE and BC are of constant lengths 
the Z“ 'DBE and BDC, subtended by these 
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arcs at the circumference are also of constant 
magnitudes. 

Now the Z DAB' = the Z BDC+theZ ABD 
(Theor. 16)- the Z DAB or the Z DAE is 
also constant and since the Z DAE stands on 
the fixeddine DE, .*. the locus of A is the arc 
of a segment of which DE is a choid' and- 
'which contains angle = the Z BDC — the 
Z ABD. 


6, Let A, B 
on the circum- 
cle ABPQ, and 
diameter. 

Join AP, BQ and let, them intersect at C. It- 
is reqd. to find the locus of C. 

Join AQ. Since A, B are fixed pts , arc 
AB is of some fixed length?- the Z AQB sub- 
tended by this arc at the circumference is of 
constant magnitude. And the Z FAQ is a rt. 
Z (Theor. 40 ); the Z^ ACB which ss Z 
PAQ -i- Z AQB (Theor. 16) is also constant. 
And since the Z ACB stands on a fixed line 
AB the locus of C is the arc of a segment of 
‘which AB' is a chord', and which contains an 
angle = 90” + the Z AQB. ' ' ' 



be two fixed pts. 
ference of a cir- 
let PQ be any 


7. Let BAG 
described on ths 
and having its 
equal to the given 



be any triangle 
fixed' base BC 
vertical Z BAG 
Z^tLet BA b'e^ 



148 SoLUTKMfs Geometry 

produced to P such that BP «= BA + AC. 
It is reqd. to find the locus of P. Join PC, 

Since BP = BA +AC, therefore AP = AC, 
and hence the L APC = the £, ACP (Theor. 5), 
The L BAC = the Z APC + the Z 
ACP ( Theor. 16, obs.) = 2 the Z APC. 
Therefore the Z APC- = f the Z BAC 
iz i Z X. Hence the Z APC is also constant. 
Therefore the locus of P is the arc of a segment 
on the fixed chord BC, containing an angle = |- 
the Z X. 

' 8. Let CBA be the given 

circle of which fixed 

chord. Draw any other chord AC 

from A and complete the parallelogram ABDC- 
Draw the diagonals DA, CB cutting one another 
at O. It is reqd. to find the locus of O. 

Since the diagonals of a parallelogram bisect 
one another, therefore O is the middle pt. of 
the chord BC ? and since this chord passes 
through the fixed pt. B, therefore the locus of 
its middle pt. O is the circle OBQ whose dia- 
meter BQ = the radius of the given circle CBA. 
■(See Ex,' 6, page 165). 

9. Let OA, OB a be two rulers, 
placed at rt. an- 
other, and let PQ 
the straight^ rod 
tween them. From 



gles to, one an- 
be a position of 
®which slides be- 
P and Q draw 
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PX, QX perps. to OA ' and OB, and let the 
perps. meet at X. It is reqd. to find the locus 
of X. 

The fig. POQX is by construction, a 
rectangle ; therefore its diagonals OX, PQ are 
equal. Since the rod PQ is of constant length 5 
OX is also of constant length; and the pt. 
O is a fixed pt. Therefore' the locus of X is 
the quadrant intercepted between QA and OB, 
of the circle whose centre is O, and whose 
radius = length of the rod PQ. 

circles intersect 
let P be any pt. 
ference of one 
P two St. lines 

PAj PB are drawn and produced to cut the 

other circle at X -and Y. Join AY, BX 

intersecting at C. It is reqd. to find the 
locus of C. ' 

Because A and B are fixed pts., therefore 

the A® APB AXB and AYB are of constant 
magnitudes. Therefore the ext. A XBY being 
= the APXB + the Z XPB (Theor. 16, obs) 
is constant ; and therefore -the ext. / AC.B 
which is » the / CBY + the Z CYB (Theor. 
16, obs.) is also constant. And this Z ACB 
stands on a fixed line AB, 

Hence the locus or C is the arc of a 
segment on the fixed , chord AB, containing 


l^h Let two 
at A and B and 
on the circum-P 
of them. From 
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a constant angles = Z P + ZX+ ZY = ZP 
+ 2 / X, 

11. Let AHB . c. andABQbeany 

two circles inter- p/\ » sec ting at A and 
B. Let HAK be ^ fixed st. line 

drawn through A and terminated by 

the circumferen- ces, and let PAY 

beany other st. line similarly drawn. Join HP 
and QK, and produce them to intersect at C. It 
is reqd. to find the locus of C. 

. , Since the ext. Z HPQ = the Z HCK + the Z 
PQC \Theor. 16, obs ), therefore.the ZHCK=lhe 
ZHPQ - the Z CQP- Because H, A and K are 
fixed pts. therefore the Z * AQK and APH which 
the arcs AK and AH subtend at the circuih- 
ferences are of constant - magnitudes. Hence their 
difference is also constant. That is the ZHCK is 
constant. Therefore the locus of C is the arc 
of a segment on the fixed chord HAK con- 
taining an angles the Z APH—- the Z,AQK. 

Page 2l2. 

!•. Let P be any point on the 
circum-circle of -the A ABC 
and let PD,, PF be perps. { /A A 
drawn from P to BO and AB . A 
Join FD. Let it-'cut AC at E*. 

Join PE. It is reqd. to prove that PE is perp.' 
^:o AC. -Join AP, BP and OP- 
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Proof. — Because the/® BFP and PDB and are 
rt. angles, therefore the pis. P, D, B, F are con'* 
cyclic (Converscj Theor. 40); and hence the / 
FPBa the/FDB (Theor. 39). Also the/ ACBs 
the / APB (Theor. 39). in fig. l,or/ ACBslSO" 
— / APB in j/Sgf. 2. 


Fig. 1.— /.the/ FPAsthe / FPB-the / APBs 
the /FDB - the /ACBs the /DEO (Theor. 
3 65 obs.) = the / AEF (Theor. 3). 

Fig. 2.-~The/AEFsr/ EDO + /ECDs:/ 
FPB+lfiO"— /APB= 180®— ( /APB~/FPB) 
^ 180®— /APF. /. / AEF + APF 180“. 

/. the pts. A,E, P, F are concyclic. There^ 
fore the /®AFP and AEP are supplementary 
(Theor. 40) in fig. 1, or are equal (Theor. 39) in 
fig. 2-, Eut the / AFP is a rt, angle, therefore 
the ^AEP is also a rt» angle. Hence E is perp, 
to AO. 


2. See fig. in Ex. 1.— Let P be any such pu 

that p, E, F. the feet of the perps. drawn from 

it on the sides of the given A ABO are collinear 
it is reqd. to find the locus of P. ' 


Because the /« PEA and PFA are rt. 
angles, therefore the pts. F, A E, Pare concyclic 

^®>5 /.the/ APF = the 
/AEF m fig. ^ or = 180®— ^ AEF in 

Again because the 
£. rrlDj PDB are rt. angles, therefore the 

t 
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pts. F, B, D, P areconcyclic (Convers, Theor. 4 O). 
Therefore the / FPB=the £. FDB (Theor. 39). 

in 1, /FPB— FPA= Z-FDB— /DEC 
= ext. / EDB — int. opp. / DEG = Z ECD 
or ACB (Theor, 16, obs.)- or in 2, / 
FPB+ /FPA = /FDB + / DEO = /‘ 
EDC + DECof the A DEC = 180"— /£CD 
(or / ACB). That is, the / APB and the 
/ACB, are equal, or supplementary. Hencej 
In either casc^ the pte. A, Bj C and Pare concyclic. 

Therefore the locus of P is the circum-circle 
of the / ABC, 

3.^ Let ABC 

two triangles with / J^.o ] the common / 
A. Let circum- y circles of these 
two triangles meet again at P.-From 

P draw PD, PE- PF and PG perps. to AB, 
ACj BC and B'C' respectively. It is reqd. to 
prove that the pts. D, Gj F, Ey are collinear. 

Proof. — Because PD,PF, PE are perps. drawn 
from P to the sides of the A . ABC, therefore 
the pts. D, F and E are collinear [Prob. V, 
page 212, Simson’s line ]. Again' because PD, 
PG, PE are perps. drawn from P on the sides 
of the A A B' C', therefore the pts, D, G and 

E are collinear , [ Prob. V, page 212 ]. Hence 
the pts. D, G, F and E are collinear. 
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4. Let ABC be a triangle 

inscribed in a \ given circle, and 

let P be any pt. ) on this circle. 

Let O be the or- tho-centre of the 

AABC. Join PO. From P draw 

' .PD, PE, PF perps. to AB, AC and BC res- 
pectively. JoiiiDF, then DF passes through' 
E ( Prob. V, page 212 ) . let it cut OP at G. 
It is reqd., to prove that OP is bisected by the st, 
line DEF at G. 

Let DP meet the circle again at M. Join- 
MC. Produce DP toanypt. N making PN = 
DM. Determine Q as the circum-centre of tho 
A ABO (Prob. 25 ), and draw QK, QL perps. 
to AB, DN respectively. Then K and L are 
the middle pts. of AB, MP respectively (Prob» 
3l ). Join OCj then OCa 2 QK (Ex. 10, page 
209 ) e 2 DL«DN [because DM + MLsPN+LP, 
or DL s LN ]. 

Proof. — Because the AEP and ADP 

are rt. angles therefore the pts. A, D, P and: 
E are concyclic. (Converse, Theor. 40 ), and- 
hence the /!: PAE « the Z PDE (Theor. 39). 
Again because the pts. A, C, P, M are concyclic, 
therefore the Z PMC = the L PAC or PAE 
(Theor. 39^ = the Z PDE. .'.DF and MC are 
parallel (Theor, 13 ). Also CHO, PMD are 
parallel, being perps. to the st. line AB. If 
CO cut DF at H, then the Hg. DHCM is a 
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parallelogram. Therefore HC:=DM=PN, and since 
'PC = DN, OH = dp: Also OH is parallel 
to DP. Therefore the fig. DQHP is a paralleio- 
gram (Theor, 20). Hence the diagonals DH, 
PO bisect one another at G (Cor.' 3, Theor, 21). 
Hence OP is bisected by the st. line DEF at G» 
Proof oif the Equalities on Prop. VI. 

Page 213. 

(i) . Because a from A two tan- 

..gents AE, AF ^redrawn to the in- 
scribed circle, therefore AE cAF 

{ Cor. Theor. 47). Similarly it can be 

proved that BD= / BF, and CDsGE. 

.Now AB + BC +CAs:AF + FB + BD + 
DC + CE + EA = 2 AE + 2 BD +2 CD = 2 AE 
+ '2 BC. That is 2^ s 2 AE + 2«, or 2 AE = 2^ 
— 2fl, AE = s-a ss AF. Likewise it .can be 
proved that BD= BF = 5-5, and CD s CE=s-c, 

(ii) Because from A two tangents - AEi, AF^ 
are drawn to the escribed circle. 

AEi = AFj (Cor. Theor. 47). Similarly 
it can be proved that BF^ = BD, and CEj aCD,. 

AB+BC+CAsAB + BDj +CDi-tCA=AB 

be, + CEr+ AC, =: AFfi-AEi = 2AEi. That is 2 
5=2 AE . Therefore AE, ss AF^ = s. 

(iii) Because AE, = 5 [ proved in (ii)], .there- 
fore CD, s= CEi =AE,i - AC = 5—5. ' 
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Again because AF^s s [proved in (ii)], there** 
■fore BDisB'Fi-AFi — AB = i^c. 

(ivy because CD = s — c [proved in (i) ], 
and BDi = s— c [ proved dn <,iii) ] j therefore 
CDbBDi. 

Again because BD =s— 6 [proved in (i) ], 
also CDi =s — b [ proved in (iii) 3 s therefore 
BD =:.CDi. 

' (v) Since AEj = AFisj [proved in (ii) ], 
and AE s s. AF = s — a [proved in (i)]-, 
■therefore EE^ s AE i — AB = s — <5—a) = /?. 
-andFFi = AF j — AF = 5 — (s-a) s' a. 
Hence EE, = FFj = a. 

{vi) Area of the A ABC c^f-a + d + c)^ 
(Ex. 5, page 198 ) = rs^ since 2 s = o + 6 +.g. ' 

Also its area ^ (6 + c — «) y, 6, page 

198 ) = [ J (ft + 6+c ) - f j a ( 5 — n ■) r,]/ 

(vii) If the / C be -a rt. angle . 

then the figures IDCEand 

C E I would be « s rectangles. ysID 

=: CE s s — c [Pro- ° ved in (i) ], and 

y, = I, D, = CEi= ( — h [ 'proved in 

(iii) ]. 

Proof the properties on Prop. VII. 

Page 214 ; \ 

■See fig. in Ex ; II, page ' 183. 



SoLUTioHs Geometry 



(i) Because lA bisects the / BAG ( Probe. 
26)y andli A also bisects the ZBAC (Probe- 
27 ), therefore the pts. A, I and are collinear,. 
Similarlv it can be proved that the pts. B, I and 
1 2, as well as the pts. C, I and I3 are collinear. 

.(it) since I i A and 1 2 A are the internal 
and external bisectors of the Z- A, therefore 
the Z Iz AI2 is a rt. angle (Ex. 6, page 13). 
Similarly the Z I3 Alj.is a rt. angle. Therefore 
the st. lines Ig A and I3 A are in one st. line 
(Theor. 2 ). Hence the pts.- Ig. A and I3 are 
collinear. Similarly it can be proved that the 
pts. I3, B and Ii as well as the pts. Ij, C and 
1 2 are collinear. 

(«*) Because AIi and AI3 are the internal 
and external bisectors of Z A, therefore Ii A 
is perp. to Ig A or I3. Similarly it can be 
proved that I3 C is perp. to Ii I2 and that I2 
B is perp. to I3 

Therefore I is the ortho-centre of the A li 
1 2 I3 and ABC is the pedal triangle of the 

A Ii I2 Ja* Therefore the A® BIi C, CI2 A, 
AI3 B are equiangular to one another and to 
the All Ig I3 C Prop. 11, Cor. (ii), page 208 ], 

(iv) If the inscribed circle touch the sides 
BC, C.\ and AB at the pts. D, E, and F, then 

the Z FDE s= 90°- ^(Ex. 5j page 206 ). Also 
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ijiiC =90° — g (Kzi 7j page There-. 

fore the / FDE = the Z BIiC, Similarly, 
it can be proved that the /DEF = the / Alg C 
and that the/EFD = the Z* AI^ B. Hence 
the A* Ii I2 I3 equiangular, 

(w) Because I is the ortho-centre of the A 
Ii I2 1 3 [proved in case (iii) ]; therefore of the 
four points I, Ig and 1 3 each is the ortho- 
centre of the triangle whose vertices are the 
other three (Ex. 4, page 209). 

(vi) I is the ortho-centre of the A Ij I2 I3 
£ proved in case (iii) | therefore the three 
circles which pass through two vertices of the 
A Ii 1 2 1 3 and the pt, I are each equal to 
the circum-cirde of the Ali I2 (Fx. 5? page 
209). Hence the four circles, each of which 
passes through three of the pts. I, Ij, 1 3 are 
all equal. 

Page 215. 

1. See fig, in Ex, 11^ Page 189> also in 
(z), page 213. (z), It has been proved in 
Ex. (ii), page 213, that AE, = AF, = s. Similar- 
^ iy it can be proved- that BDg =s, also CD 3 = Sj, 
BD=s— 6 [proved in Ex. (i), page 213]^ and CD,' 
- s-6 [proved in Ex. (iii), page 213], - 

Therefore DD^ = EDg— BD =5— (s-i) 
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s: ,b and DD 3 = CD 3 - CD = s. - ( s - ir ) = 
Hence DD 2 D 3 = 5, 

(II) .CD=BDi [proved in Ex. (iv), page 213], 
and BD, = s - c [proved in Ex. (iii), page 213]. 
Therefore CD = BD^ = s - c. Now DD 3 = CD 3 
- CD =s - (s-c) =c, and Di Dg s BDg - 
BDi ss-{s-c) = c. Hence DD 3 a Dj Djsc. 

(III) D 2 D 3 aDD 2 +DD 3 =i> + c [from 
(i) and (ii) ]. ' 

(IV) DDi = DDa*^ — sD^ Dg = ^ ^ c. 

2. See fig, in Ex, 1.— I is the ortho-centre 
of the’AliIalaj as well as the in-centre of 
its pedal triangle ABC. And the vertices, I, Ig 
and 1 3 of the A Ii I 3 are the centres of the 
escribed'circles of the A ABC. Therefore* the 
ortho-centre and vertices of a triangle are the 
centres of the inscribed and escribedcirclesofthe 
pedal' triangle. 

* 3. See fig. in Ex. l^page 2 ll.-— Let X be 

the given angle and BC the given base. Let ABC 
be any- fJriangle on the; given base BC having 
the ■vertical'/ As/ X-. Produce A B, AC to ptfi?, 
D and-E, and bi^ct the/® DBG, ECB by the st, 

line BIj and Cl 2 meeting at I,. It is reqd. to 
find the locus' of Ij. 

Since the/BIi C = 90'^— 4- ( 7, p; 47 

m t 

and the / A is cohstantj / BIi C is also 
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constant*,' .*. the locus'of Ii is the arc of a segment 
on the fixed. chord BC containing an angle = 90® 

A ' 

" 2 ' 


4, Let BC be a the ' given base, 

and D the given angle. Let ABC 

be - a triangle on / A yo the base BC, hav- 
ing its vert, / A= ^ c / D. It is reqd. to • 

prove that the circum-centre of the A ABC is 

fixed. 

Since the vertical BAC is constant, and the 
base BO is fixed. the locus of vertex A is the 
arc o£ a segment onBCas its chord containing, 
an angle = / D(Prob. 24). But this arc circum- 
scribes the A ABC, the circum-circle is fixed, and 
hence its centre is also fixed. 

5. See fig. in E». if, page 189.—Let ABC 
be a A on the given base BC, and having^ 
its vertical / ABC = the given vertical angle. 
Let l-j be the centre of the escribed circle 
touching the side BC. It is reqd. to find the 
locus of I 2 . 

Because theZ* I 2 BIi and I, AI^ are rt. 

/.the pts. Ij, B, A and 1 2 are coney die ( Theor, 
39, Converse); the Z Big I^ = the Z ABIj' 
(Theor. 39)=|- A = constant* the locus of I is- 
the arc of a segment on BC as a chord containing. 
an angle.s ^ A. 
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6. Let BC be ' . given base, 

H the given vertical n angle, 

and E the point of contact with 

the base BC of . the in-circle. It is 

reqd. to censtruct the triangle. 

The locus of the in-centre 0 is the are of a 
segment on BC as chord containing an anglesSO® 
-4- X (Prop. IV, p. 210). From E draw EO p^p. 
to BC meeting this arc at O. Then O is the in- 
M^entre of the triangle and OE the in-radius. 
With centre O and radius OE draw a circle. 
Trom B, C draw tangents to this circle (Prob. 
■2) and let the tangents meet at the pt. A. Then 
ABC is the reqd. triangle. 

7. Let BC be' a the given base, X 

tihe given vertical ^ 

point of contact escribed 

circle with the base BC. It is 

.reqd. to construct® I i yw the triangle. 

The locus of the ex-centre I is the arc of a 
segment on BC as chords^ containing an angle= 

90“ (Ex. 1, p. 211), Draw this arc. From 

D, draw DI perp, to BC meeting this arc at I. 
Then I is the centre and IP the radiusof the escrib- 
ed circle. With centre I and radius ID draw a 
-circle; from B and C draw tangents to this circle, 
and produce them to meet at the pt. A. Then 
ABC is the reqd. triangle. 
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8 . ^Let I be the^fS^tre of . . v)/h 

Xhs inscribed circle"* and Ii 7 — ';r 

'lo and 1 3 'the centijs^ of the V‘A ’ 
escribed circles of the A ABC. \ '''/s| I'/V 
arid let the circuincircte ‘ of 
AABGcut IlijIIg, II3 atE, ' 

F and D respectively. . It is- - 6 , i, >« 

rcqd. to show that E, ^ and D are the mid. pts. 

of III, 113,113. ■ ' ■ '■ 

Join AF, CF. The/ AFC=i 80 '*-B(Theor. 40 ), 
and the Z AIC= 90 ® - § B (Ex. 7 , p, 47 ); the 
Z AFC s= 2 / ALC. Again becanse theZ® lAIg 
and ICI2 are rt. angles, therefore the.^ circle on 
diameter II2 passes through A and 0 (Ex. I* page 
165 ), the centre of this circle lies on Ilg and' 
since F isapt. on llg, such thatZ AFC= 2 Z AlgC, 

F must be the centre of this circle. Hence 
Ilg is bisected at F, ' Siradarly it can be proved 
that II 2 and 11 3 are bisected at E. and j>, 

9 . See jig. in Ex, S . — Let Ig, 1 3 be the centres 
’ of the escribed circles which.touch the sides AC 

and AB of the AABC. It is reqd, to prove" that 
the pts. B, C, 1 2 and I3 all lie on a circle whose 
centre is on. the circum-circle of the A ABQ* 


Proof— Because, -the /"Is BI3 and Ig Cl 3 
- are rt. angles, therefore the pts. Ig, C, B and 1 ^ 
he on a circle whose diameter is Ig 1 3 {Ex. I page 
165), Bisect I 2 I 3 at Pj Ihem** P is the 
centre., of this circle.. Join FP. Because H., 

11 
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is bisected at F (proved in Ex. 8 )^ and* I 3 Ig at 
P,- therefore PF is parallel to Ig Ij {Ex, 2i'pageG4'); 

hence the ext. Z; APF.= the', intv Z I 2 J 3 C 
.(Theori 14)/ Again- because the. Z® IAI 3 and 

IBI 3 are rt'. angles, therefore the ptsi I,' A,- Ig 
and B are concyclic (ojiiverse; Theor. 46),* 
the Z AI 3 I = the Z ABF (theor. 39). Therefore 
the Z APF = the ZABI or the Z ABF- and 
since they stand on the Same line AF, the pts, 
A, • P, B, are concydic (Converse, Theor. 39)‘. 
jBut the pt. F lies on • the- circum*circle of- the 
A ABC which passes ' through A' and B-; 
Hence the pt. P also lies on- the circum-circle 
of the A ABC, 

■lO. See fig.in EX-, t\p.213, 

• Let A, BtfO, be-, the three given points., 
it isreqd. to draw with A, B, and C, as centres, 
three circles which may touch one another two 
by two ; also to show how many solutions 
there are, 

(i) Let- the inscribed;circle of the A ABC 
touch the sides BC,. CA and AB at D, E, 
-and F respectively. Then AE = AF, BD = BF 
and CD. = CE (Ex-i I, p, 213), .*. the circles 

described with.ceutres A, B, and C and radii- AF, 
BD and CE . respectively will touch each 
other externally two ‘by’ two. (ii) Let the 
.escribed circle with I, as centre touch the 
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sides AB, BC and GA at the pts. 
and Fj- respectively. Then AEj s AF^, BD^ 
= BFj and CD^ s CEf (Es:. ii ^nd iii; p. 213 ), 
the .circles described with centres A, B- 
and G and radii AE^, CD^ and BF^ will 
touch each other two by two. 

If the escribed circle: with I9 and h .as 
centres touch the sides -BC; CA, AB at the 
pts. D2, Eg, Fo and D.j, Ej, and Fg res- 
pectively« then it can similarly be shown that 
the circles described with A, B . and C as 
centres and radii AEg-, GD^ tand- BB'^, as 
also the circles described with centres A. B C 
and radii AEg, CDg, BF3, will touch each other 
two by .two. Hence it is cle^r that there 
are four solutions of this problena. 

11 , Sec in Ex, 1 — 

Let Ij, Ig and 1 3 .be -the centres of the 
three escribed circles. It is reqd. to cons- 
truct the triangle. . ... 

Analysis:~Let ABC be such -a trianglse 
Join Ij I2, Ig Igj 1.3 and from 
and I3 draw perps. to the opp.. sides inter- 
secting at Ij. Since I is the ortho-centre of 
A Ii I2 I3, it is the incentre of the A- 
ABC; the pts. A, I, I,^ pe collinear , .so 
are the pts. B, I, Ig and C,’ I, I, .(.Exs. 
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and ( 1 ), p; 214 ) A, B, C are the feet of. 
the perps. drawn from I^, Ig, I3, hence we get 
the following construction 5 — 

Coastruction: — ^Join. I2JI2 from 

^2^ ^31 perps. to the opp. sides, and 
let A, B, C be the feet' of these perps. Join 
AB, BC, OA. The ABO ia the reqd. triangle. 

12 . See fig. in Ex. l. 

Let I be the centre of the inscribed circle, 
and I3, Ij, the cmtres' of ""two escribed circles. 
It is reqd. to construct the triangle. 

Analysis:— Let ABC be such a triangle. 
Then A, I, I, are colUnear ; so are B, I, 12' 
Also if I3 be the third ex-centre, then Ig, 
A, 1 3, are collinear; so are I,, BI3 *, and I, 
C, I3 lines 10 , B, I2 A drawn from 
the vertices of the A Ig, pass through 

I3, But 1 3, is the ortho-centre of this A* 

10 , Ij B, Ig A are perps. drawn from 
the vertices of this A to the opp. sides, and 
G. B, A are the feet of these perps. Hence 
we have the following construction. 

Construction;' — ^Jcin Hi, Ij, I, I, I. From- 
I, li, Ig draw perp « to the opp. sides, and 
let C, A, B be the feet of ■ these perps. 
Join AB, BC and OA. Then ABC is the 
reqd. triangle. 
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13. Let EAF be tbe given 
vertic^ angle, P the semi- 
perimeter and r the radios of 
the inscribed circle. It is reqd. 
to consttuct the triangle. 

Analysis Let ABC be such a triangle, 
and let I, Ii be the centres of the inscribed 
circle and the escribed circle touching the 
side BC. Then the points A, I and 1 3 are 
collinear. Through I draw a st. line IL parallel 
to AE ; then its distance from AE = r. From 
draw Ii II, Ii G perps.- to AE, AF; then 
AH = AG = i P. ( Ex. ii, P. 213 ). BC 
is the transverse common tangent to the inscrib- 
ed and escribed circles. Hence we get tbe 
following construction. 

Constructions: — Bisect the Z EAF by AD. 

Draw a st, line IL parallel to AE and at a dis- 
tance = r from it cutting AD at I. From AE cut 
off AH equal to § P. At H draw HI 3 perp, to 
AE cutting AD at 1 3 . With I, 1 3 as centres and 
radii = r. I 3 H respectively draw two circles'. 

Then these circles will touch both AE' and 
AF. 

Draw a transverse common tangent to these 
two circles intersecting AE and AF at the pts. 
C and B respectively. Then ABC is the reqd. 
triangle. 
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14. Let X -DAE- be the 

given vertical . A' angle. ND -the 

length, of the . per'p; from ' ihie 

'Vertex , to the base, and r the 

radius of ■ the ^ e ^ . inscribed ■ circle. 
It is reqd. to " construct the 

triangles. . : 

Analysis:— Let ABC be such a triangle, and 
I be the centre of its inscribed circle. Join AI- 
then AI bisect the Z DAE, Through I draw 
a St. line MIL parallel to AB ; then it is at a 

distance =r from AD, From A draw AF perp. to 
BC; then AF = NO. With centres I and A and 
radii = r and NO respectively draw two .circles. 
Since the former is the inscribed circle of the 
triangle, and since Z AFB is a rt. angle, BC is 
the direct common tangent to - these two circles. 
Thus'we get the following constructions. 

Construction: —Bisect the Z DAE by the 
St. line AK, and draw a'st. • line ML parallel to 
AD at a distance=:r from.it, intersecting AK at I. 
With centres I and A, and radii = r and NO 
respectively draw iwo circles. Draw a direct 
common tangent to these- two circles, and let it 
cut AD, AE at B, C, Then AbC is the required 
triangle. 

15. See pi Ex. 8. 

Let ABC be a triangle, and I the centre of 
the inscribed circle. It is required to prove 
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’that the centres of the circles circumscribed 
■about the triangles BIG, CIA- and AIB lie on 
the circumference of the, circum-circte of the 
triangle ABC. ^ 

Let Ii I^t I3 be the centres of the three 
escribed circles. Join AIj, Blg-j CI3 j then each 
of them passes through I. Join 1 1 I2JI1 I’sj Ig I's* 
then C, A, B lie on these lines. Let' the circite 
about the A ABC cut Hi, II 2, Ilij at the pts. 
'E, F, D respectively. Join AF and GF, It has 
already been proved in Ex. 8, that the fig. Aid 2 
is concyclic, and that F is the centre of the 
circumscribing circle. Hence the centre F of 
the circle circumscribed about the triangle CIA 
lies on the circam-circle of the A ABC. Simi- 
larly it can be proved that E and D are the 
centres of the circles circumscribed about the 
A® BIO and AIBj and they lie on the circum- 
circle of the A ABO. 

Page 218, 


1. Let BC 
base and X the 
.angle. Suppose 
triangle on the 
its vertical Z A 



be the given 
given 'Vertical ' 
ABC to be a 
base BC having 
s Z X. It is 


reqd. to find the locus of the centre of the nine- 
points circle. 
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Since the base BC and the vertical angle - 
is given, the circumcircle of the A ABC is 
fixed. ( Prob, 24 ). circum-radius is constant.' 

the radius of the nine-points circle circum-' 
-radiussconstant. [Property (ii), page 217]. 
j And nine-points circle always passes through 
G the mid. pt. of BC, its centre is ‘always at a 
distance=:|- circum-radius, from the pt. G. /. its 
•locus is arc HEK of the circle whose centre is 
-Gj the mid. pt. of BC, and radiuss.]- circum- 
radius. 

2. Let ABC k be a triangle, 

and let O be its ortho-centre. Join 

AO, BO, CO. It is rcqd. to 

prove that the., nine-points circle 

of the A ABC ® . o ® jg alsu the nine- 

-poinis circle of each of the AAOB, BOC, CO A. 

The nine-points circle of the A ABO passes 
through the mid pts. of AB, AO, BO. (Theor. 

Vni, page 216 ), t. e., through the three mid. 
pts. of the sides of the A AOB . Since one and 
only one circle can pass through three points 
not in one st. line (Theor. 32 ), and since the 

nine-points circle of a triangle passes through 
the three mid. pts. of its sides, the nine-points 
- circle of the A ABC must be the nine-points 
circle of the A AOB . 
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Similarly it can be shown that it is also the 
nine-points circle of each of .the /®BOCand 
COA. 

3. Su fig. inEx. Il,|}a(]iel89. — Let I> Ii, I, 

1 3 be the centres of the inscribed and the 
escribed circles of a A ABC. It is reqd. to 
prove that the circles circumscribed about the 
A ABC is the nine-points circle of each of the 
.A’ III I2J II2I3’ IIs? I3 3 .nd Ij I2 I3. 

From Theor. VIJI on page 2l6 and Theor. 
32 we know that in a triangle the circle passirg; 
through the feet of the perps. drawn from its 
vertices to the opp. sides, is the nine-points 
circle of the A* 

It can be easily seen that in each of the A** 
III I21 II2 I31 II3 Ii I2 A, B, C are the 
feet of the perps, drawn from the vertices to the 
opp. sides. Hence the circle through A, B, C, is 
the nine-points circle of each of the above 
triangles. 

4. It is reqd, to prove that all triangles • 
which have the' same ortho-centre and the same 

. circumscribed circlcj have also the same nine- 
points circle. 

Since all the A" have the same circum-circle, 
their common circnm-centre is a fixed pt. and 
common circum-radius is of constant length. Also- 
their common ortho-centre is a fixed pt. . 
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•**the centre of the nine-points -circle, whicb- 
is the mid. pt. of the st line joining the-ortbo-- 
centre and the circum-centre, is a fixed pt. also. 
And the radius of the nine-points circle = half 
the common circum-radius = constant, 

Hence, all the triangles have the same nine- 
points circle. 

5. See jig. in Ex. 2 ( j), 209. — Let ABC 

be a triangles hoving its base BC=the given base 
and the- / ABC = the given vertical angle. Let 
DEF be its pedal triangle. It is reqd. -to prove 
that one angle and one side of the pedal A are 
constant. 

Join AD, BE, CF intersecting at O. Since 
FO bisects the / EFD, and EO bisects the Z 
FED, the L FOE=90V| the ZFDE. (Ex.e, 
page 47). 

In the quadl. A FOB, since Z AFO+Z AEO 
= 90” + 90" = ISO”, the other two Z* FAE+ 
FOEs 180", or ZFOE=:180”-ZFAE=180”=ZA. 

.% 90" +.| the ,Z FDE = 180"- ZA,,Mthe 
ZFDE = 90“-Z A=s (constant, since Z A is giv.’n 
to be constant.’ 

. Z FDE is also const mt. 

Again .because the base and the vertical 
angle of the A ABC are given, .'.its circum- 
circle is, fixed (Prob. its circum-radius is,of 

constant Iengih» -/...radius :of the '.^nine-points 
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-circle, wliich isi:lialf the- circum-r^dius isT also of 
constant lengt'H, i. e,\ the- hine-pdinis- circles df 
all the A® whose base ss the given base' and 
vertical = the given vertical Z , areiall eqilal to 

one another. - - ■ 

' ’ • 

- Now EP ii a, chord of the; nine-points circle, 
and' it subtends a. constant angle FDE ab circutn- 
ference. it is pf constant length (Theorems 42 
and 45')’. 

Thus one angle FDE arid one side EFof the 
pedal A DEF are constant.' 


6. Let ABC be a triangle 

on the given b// base. BG, and 
having its ver- • *^cal angle 

DAG = the given . vertical angle . 

Let N, I, Ii, ia. Isbeits circum- 

centre,' in-centre and ex-centres respectively. It 
is reqd. to find the. locus of the circum-centre 
■of the All Ij I3. Join Ii-Ig, I2 l3> I2 Ii* Then 
A, B, C lie on. these Hues. Also I is the ortho-^ 


Centre of the A Ii Ig I3 ( Property ( v ),, page 
214). And since A,B,0 are the feet of. the pefps. 
drawn from the vertices I^, I3, I, onopp. sides; 

. the circle'through Av -B, C, i. e., the circum- 
cu'cle of the A A BC is the nine-points circle of 
the- A L; l3» N is the centre of the nine-- 
pomts circle ol theAli.l2 I3. Join IN and 
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•produce .ittoS making NS = IN. Then Sis 
•^he circumcentre of the A I 3 [ Proposition 
(i), page 217]. . - 

Since the base'BC and the vertical angle A 
is given the locus of the incentxe I is the arc of 
-Segment on BC as chord, and containing a fixed 
angle=90®+|- A ( Prop. IV, page 210 ). Let D be 
the centre of this arc. .‘.it is a fixed pt. and 
radius D I is o: constant length. JoinDN and 
^produce iF to E making NE = DN. Now N, 
being the circumcentre of the A ABC,* is a fixed 
pt. (Ex. Af p. 215 ). DNEis a fixed line of 
/constant length, since DEs2 DN= constant. . ’ . E 
as a fixed pt. 

Join ES. The two A" DIN and tENS are 
equal (Theor, 4), ES = DI constant.- And E. 
being a fixed pt. the locus of S is Jan arc of a 
-circle whose centre is E and radius ES=DI. 


THE END. 
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